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Abstract. On a complex manifold, the Riemann-Hilbert correspon¬ 
dence embeds the triangulated category of (not necessarily regu¬ 
lar) holonomic X>-modules into that of R-constructible enhanced ind- 
sheaves. The source category has a standard t-structure. Here, we 
provide the target category with a middle perversity t-structure, and 
prove that the embedding is exact. 

In the paper, we also discuss general perversities in the frame¬ 
work of R-constructible enhanced ind-sheaves on bordered subana- 
lytic spaces. 
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Introduction 

On a complex manifold X, the classical Riemann-Hilbert correspon¬ 
dence establishes an equivalence 

PK.v: DS,(®x) ^ D^_,(Cx) 

between the derived category of "Dx-iriodules with regular holonomic co¬ 
homologies, and the derived category of sheaves of C-vector spaces on X 
with C-constructible cohomologies ([7]). Here, VTZx{M.) = M. 

is the de Rham functor, and Ox the sheaf of top-degree holomorphic dif¬ 
ferential forms. Moreover, the functor T>TZx interchanges the standard t- 
structure on with the middle perversity t-structure on D^_^(Cx)- 

In particular, VTZx induces an equivalence between the abelian category 
of regular holonomic Dx-iiiodules and that of perverse sheaves on X. 

The Riemann-Hilbert correspondence of [4] provides a fully faithful 
embedding 

from the derived category of "Dx-niodules with (not necessarily regular) 
holonomic cohomologies, into the triangulated category of M-constructible 
enhanced ind-sheaves of C-vector spaces on X. Here, VTZ^ is the en¬ 
hanced version of the de Rham functor. The source category D{(qj(Dx) 
has a standard t-structure. In this paper, we provide the target category 
E^ ,,(ICx) with a generalized middle perversity t-structure, and prove 
that VTZ^ is an exact functor. 

Generalized t-structures have been introduced in [10], as a reinterpre¬ 
tation of the notion of slicing from [3]. For example, let D^ ^(Cx) be the 
derived category of sheaves of C-vector spaces on X with M-constructible 
cohomologies. Then, if X has positive dimension, ^(Cx) does not ad¬ 
mit a middle perversity t-structure in the classical sense. That is, there 
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is no perversity whose induced t-structure on Dr_^(Cx) is self-dual. How¬ 
ever, it is shown in [10] that Dg_^(Cx) has a natural middle perversity 
t-structure in the generalized sense. This generalized t-structure induces 
the middle perversity t-structure on the subcategory D£_^(Cx)- More¬ 
over, it is compatible with our construction of the generalized middle 
perversity t-structure on E^ ,,(ICx), since the natural embedding 

Dtc(Cx)>—Eb_^(ICx) 


turns out to be exact. 

From now on, we shall use the term t-structure for the one in the gen¬ 
eralized sense, and refer to the classical notion as a classical t-structure. 

Let k be a held and M a real analytic manifold, or more generally a 
bordered subanalytic space. Let E^_^(IkM) be the triangulated category 
of R-constructible enhanced ind-sheaves of k-vector spaces on M. In 
this paper, we also discuss the t-structures on E^_j.(IkM) associated with 
arbitrary perversities, and study their functorial properties. Let us give 
some details. 

On the set of maps p: Z^q consider the involution * given by 

p*{n) := —pin) — n. 

A perversity is a map p : Z^q M such that p and p* are decreasing. 

Let D^_j,(kM) be the derived category of M-constructible sheaves of k- 
vector spaces on M. For a locally closed subset Z of M, let k^ be the 
extension by zero to M of the constant sheaf on Z. For c G M, set 

^D|_'[.(kM) := {F G D^_j,(kM); for any k G Z^o there exists a closed 

subanalytic subset Z C M of dimension < k such that 
H^{kM\zZ>F) ~ 0 for j > c + p{k)}, 

^Dg_'[,(kM) := {F G D^_(,(kM); for any k G Z^o and any closed 

subanalytic subset Z C M of dimension ^ k one has 
H^KHom (kz, F) ~ 0 for j < c -|- p{k)}. 

Then (^D|f^(kM),is a t-structure in the sense of Deh- 
nition 1.2.2. Moreover, the duality functor interchanges and 

P*D|_';''(kM). In particular, the t-structure 

associated with the middle perversity m(n) = —n/2 is self-dual. 

The analogous dehnition for M-constructible enhanced ind-sheaves is 

pE|f^(IkM) := {K G ER_^(IkM); for any k G Z^o there exists a closed 
subanalytic subset Z G M of dimension < k such that 
{7r~^kM\z (8 F) ~ 0 for j > c -1- p{k)}, 
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pE^f^(IkM) := {K G ER_(,(IkM); for any k G Z^o and any closed 

subanalytic subset Z C M of dimension ^ k one has 
H^RXhom (7r“^k^, it") ~ 0 for j < c + p{k)}. 

It turns out that (pE|_'),(IkM),pE|)),(IkM))^gjj is a t-structure, but it does 
not behave well with respect to the duality functor Hence we set 

='E® (IkM) := {K 6 Et.JIk„)i K € ,E® (Ik„), 

OlK e ,.Ej.7-'''"(Ik„)}, 
’TSf,(Ik„) := {K e Ei.JIk„); K e 

A' e ^.Ei-4lk„)}. 

Then ('EfJIk m), "ErjIkM)) is a t-structure, and the duality func¬ 
tor interchanges ^E^_'),(IkM) and ^ Eg_~'^(IkM)- In particular, the t- 
structure (^^^E^_'),(M), associated with the middle perver¬ 

sity m(?7,) = — 77-/2 is self-dual. 

Going back to the Riemann-Hilbert correspondence, the enhanced de 
Rham functor 

DRj: D|:„,(®x)«EtJICx) 

is exact with respect to the t-structure associated with the middle per¬ 
versity. 

The contents of this paper are as follows. 

In Section 1, we recall the notion of t-structure on a triangulated 
category. We also recall the t-structure on the derived category of M- 
constructible sheaves on a subanalytic space associated with a given per¬ 
versity. 

In Section 2, we recall the notions of ind-sheaves and of enhanced 
ind-sheaves on a bordered space. In both cases we also discuss the ex¬ 
actness of Grothendieck operations with respect to the standard classical 
t-structures. 

In Section 3, we introduce the t-structure(s) on the derived category 
of M-constructible enhanced ind-sheaves on a bordered subanalytic space 
associated with a given perversity. We also discuss the exactness of 
Grothendieck operations with respect to these t-structures. 

Finally, in Section 4, we prove the exactness of the embedding, pro¬ 
vided by the Riemann-Hilbert correspondence, from the triangulated 
category of holonomic "D-modules on a complex manifold into that of 
R-constructible enhanced ind-sheaves. 

Acknowledgments The hrst author acknowledges the kind hospital¬ 
ity at RIMS, Kyoto University, during the preparation of this paper. 
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Notations 

In this paper, we take a field k as base ring. 

For a category C, we denote by the opposite category of C. 

One says that a fnll sub category 5 of a category C is strictly full if it 
contains every object of C which is isomorphic to an object of S. 

Let C, C be categories and F\ C ^ C & functor. The essential image oi 
C by F, denoted by F{C), is the strictly full subcategory of C consisting 
of objects which are isomorphic to F{X) for some X E C. 

For a ring A, we denote by ^4°^ the opposite ring of A. 

We say that a topological space is good if it is Hausdorff, locally com¬ 
pact, countable at infinity, and has finite soft dimension. 

1. T-structures 

The notion of t-structure on a triangulated category was introduced in 

[I] . As shown in [18], the derived category of a quasi-abelian category has 
two natural t-structures. They were presented in [9] in a unified manner, 
by generalizing the notion of t-structure. A further generalization is 
described in [10], reinterpreting the notion of slicing from [3]. In the 
present paper, we use the term t-structure in this more general sense, 
and we refer to the notion introduced in [1] as a classical t-structure. A 
basic result of [1] asserts that the heart of a classical t-structure is an 
abelian category. More generally, it is shown in [3] that small slices of a 
t-structure are quasi-abelian categories. 

It is shown in [1] that, on a complex manifold, the middle perversity 
induces a self-dual classical t-structure on the triangulated category of 
C-constructible sheaves. On a real analytic manifold, using results of 

[II] , it is shown in [10] that the middle perversity induces a self-dual 
t-structure on the triangulated category of R-constructible sheaves. 

Here we recall these facts, considering general perversities. 

1.1. Categories. References are made to [11, Chapter I], and to [18] for 
the notion of quasi-abelian category (see also [9, §2]). 

Let C be an additive category. The left and right orthogonal of a 
subcategory S are the strictly full subcategories 

^5 := {X G C; Hom^(X, F) ~ 0 for any Y G 5}, 

5^ := {X G C; Hom^(F, X) ~ 0 for any Y G S}. 

Assume that C admits kernels and cokernels. Given /: X -E Y a 
morphism in C, one sets 

im / := ker(F coker /), coim / := coker(ker / —)• X). 

The morphism / is called strict if the canonical morphism coim / —)■ im / 
is an isomorphism. 
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The category C is called abelian if all morphisms are strict. It is called 
quasi-abelian if every pull-back of a strict epimorphism is a strict epimor- 
phism, and every pushout of a strict monomorphism is a strict monomor¬ 
phism. 

1.2. T-structures. Let T be a triangulated category. Recall the notion 
of t-structure from [1]. 

Definition 1.2.1. A classical t-structure on T is a pair of 

strictly full subcategories of T such that, setting 

for u G Z, one has: 

(a) C and C 

(b) Hom.^(r^o, = 0; 

(c) for any A G T, there exists a distinguished triangle 

-^^0 —>■ A —>■ A^i- > 

in T with A,go ^ and X^i G 

The following definition of [10] is a reinterpretation of the notion of 
slicing from [3]. 

Definition 1 . 2 . 2 . A t-structure on T is a pair of families 

of strictly full subcategories of T satisfying conditions (a)-(d) below, 
where we set 

r<" := IJ and := (J for c G M. 

c'<c c'>c 

(a) and = f] for any c G M, 

c^<Cc 

(b) and = r^^[-l] for any c G M, 

(c) Hom.^(T^‘^, = 0 for any c G M, 

(d) for any A G T and c G M, there are distinguished triangles in T 

A^c^A^A>, and A<c ^ A ^ A^, 

with Xl G for L equal to ^ c, > c, < c or ^ c. 

Condition (c) is equivalent to either of the following: 

(c)' Hom.^(T^'^, = 0 for any c G M, 

(c)" Hom.^(T‘^‘^, = 0 for any c G M. 

The next lemma is elementary but useful. It shows for example that, 
under condition (a), for any c G M one has 

= Pi r<"', = f| r>^'. 

c'>c c'<c 

Lemma 1 . 2 . 3 . Let X be a set. 
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(i) Let (X^'^)ceK be a family of subsets of X such that X^'^' 

c'>c 

for any Set X^'^ ■= IJ X^'^' . Then 

c'<c 

x<" = ij x<"', =Pi x<^'. 

c'<c c'>c 

(ii) Conversely, let (X^‘^)c6k be a family of subsets of X such that 
X<^ = U X<"' for any c G M. Set X^" := f] X<^'. Then 

c'<c d>c 

x^" = Pi x^'^', x<‘== ij x=^"'. 

c'>c c'<c 

(iii) Let (X^'^)ceK and (X<'^)cgR be as in (i). Let a, 6 G M with a <b. If 
X^'^ = X^'^ for any c such that a < c ^ b, then X^“ = X^^. 

Let T^°) be a classical t-structure. For c G M, set 

;= n] for n G Z such that u ^ c < u + 1, 

;= T^°[—n] for n G Z such that u — 1 < c ^ n. 

Then, is a t-structure. A classical t-structure is regarded 

as a t-structure by this correspondence. 

Conversely, if ^ t-structure, then 

(1.2.1) (r^‘=+\r>") and (r<‘=+\r>‘=) 

are classical t-structures for any c G M. 

For c G M, set 

7-c _ ^ 


Definition 1.2.4. Let E C M be a discrete subset such that E = E -|- Z. 
A t-structure (T^'^, is indexed fey E if T'^ = 0 for any c G M \ E. 


If E is non empty, this is equivalent to the fact that for any c G M one 
has 


where 


T<c 

T>c 


r<s', 

T>x^ 




r^s", 

T>X'^ 


s' := max{s G E; s < c}, s" := max{s G E; s ^ c}, 

t' := min{s G E; s > c}, t" := min{s G E; s ^ c}. 


Classical t-structures correspond to t-structures indexed by Z. In this 
paper, we will mainly consider t-structures indexed by ^Z. 

The following lemma is easily proved by using Lemma 1.2.3 (iii). 


Lemma 1.2.5. Let fee a t-structure on T. The following 

two conditions are equivalent. 
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(a) is indexed by some discrete subset E C M such that 

E = S + z!" 

(b) For any c G M, there exist a, 6 G M such that a < c < b and = 

and 

1.3. Slices. Let be a t-structure on T. Note the following 

facts. 

For any c G M, one has 

^>c ^ 

r^c ^ (7-<'=)^, r<" = ^(r^^). 

The embeddings C T and C T admit left adjoints 

and r<"; T ^ r<", 

called the left truncation functors. Similarly, the embeddings C T 
and C T admit right adjoints 

and r>": T ^ r>", 

called the right truncation functors. 

The distingnished triangles in Dehnition 1.2.2 (d) are nniqne np to 
nniqne isomorphism. They are, respectively, given by 

^ X ^ r>"X and r<"X ^ X ^ r^"X . 

Snmmarizing the above notations, to a half-line L (i.e. an nnbonnded 
connected snbset L C M) is associated a trnncation fnnctor 

r^: T^T^. 

If L' C M is another half-line, there is an isomorphism of fnnctors 
(1.3.1) r^or^'-r^'or^: r^r^nr^'. 

Let / C M be a proper interval (i.e. a bonnded connected non empty 
snbset / C M). Then there are two half-lines L, L' (nniqne np to ordering) 
snch that 

I = LnL'. 

The slice of T associated with I is the additive category 

r^;=r^nr^', 

and one denotes the fnnctor (1.3.1) by 

H^ : T^T^. 

For example, 

7 "[c,c') _ q-^c Pi q-<c' ^ ^ q-{c} _ q-c writes for short 

:= 
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Note that the map I —)■ M/Z is bijective if and only if J = [c, c + 1) or 
J = (c, c + 1] for some c G M. The map I —)■ M/Z is injective if and only 
if there exists c G M such that / C [c, c + 1) or J C (c, c + 1]. 

The following result generalizes the fact that the heart T° of a classical 
t-structure (T^°, is abelian. 

Proposition 1.3.1 (cf. [3, Lemma4.3]). Let at-structure 

on T, and /ef / C M be an interval. 

(i) If I —)■ R/Z is injective, then the slice is a quasi-abelian category, 
and strict short exact sequences in are in one-to-one correspon¬ 
dence with distinguished triangles in T with all vertices in . 

(ii) //J^R/Z is bijective, then the slice is an abelian category and 
the functor . T ^ is cohomological. 

Remark 1.3.2. The notion of slicing from [3] is equivalent to the datum 
of a t-structure such that T is generated by the family of 

sub categories {T'^jcsK- 

1.4. Exact functors. Let S and T be triangulated categories. Let 

and 

be t-structures on S and T, respectively. 

Definition 1.4.1. A triangulated functor <h: 5 —)■ T is called 

(i) left exact, if one has $(5^^) C for any c G R; 

(ii) right exact, if one has 4)(iS'^'^) C for any c G R; 

(iii) exact, if it is both left and right exact. 

Lemma 1.4.2. Consider two triangulated functors 
<h: iS —)■ T and T: T —?■ 5. 

Assume that ($, T) is an adjoint pair. This means that <h is left adjoint 
to ^, or equivalently that 4/ is right adjoint to <h. Then, T is left exact 
if and only if <h is right exact. 

Proof. Let c G R. If T is exact, then, for S G and T G one has 
Hom.^(<l>(A),T) ~ Rom^{S,'^{T)) 

G Hom5(5^^5>") = 0. 

Hence, *h(5') G ■*'(T^'^) = Thus 4) is right exact. The converse can 
be proved similarly. □ 

1.5. Sheaves. Let M be a good topological space. Denote by Mod(kM) 
the abelian category of sheaves of k-vector spaces on M, and by D^(kM) 
its bounded derived category. It has a standard classical t-structure 

(D^°(kM),D>°(kM)). 
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For a locally closed subset S C M, denote by kg the sheaf on M 
obtained extending by zero the constant sheaf on S with stalk k. 

For f: M ^ N a morphism of good topological spaces, denote by 
RHom, f~^, R/*, R/i, f' the six Grothendieck operations for sheaves. 
We define the duality functor of D’^(kM) by 

DmF = R'Hom{F,ujM) for F e D*’(kM), 

where ojm denotes the dualizing complex. If M is a C°-manifold, one 
has 00M — orMidu], where dM denotes the dimension of M and or^ the 
orientation sheaf. For a map / : M —)■ iV of C°-manifolds, the relative 
orientation sheaf is defined as oym/n ■=f'^N[dN — du] — oym <8/”^ or at. 

1.6. M-constructible sheaves. Recall the notion of subanalytic subsets 
of a real analytic manifold (see [6, 2]). 

Definition 1.6.1. (i) A subanalytic space M = (M, iSm) is an R-ringed 

space which is locally isomorphic to {Z,Sz), where Z is a closed 
subanalytic subset of a real analytic manifold, and Sz is the sheaf 
of R-algebras of real valued subanalytic continuous functions. In 
this paper, we assume that subanalytic spaces are good topological 
spaces. 

(ii) A morphism of subanalytic spaces is a morphism of R-ringed spaces. 

(iii) A subset S' of M is subanalytic if i(S' fl U) is a subanalytic subset 
of N for any open subset U of M, any real analytic manifold N 
and any subanalytic morphism i\ U —?• W of subanalytic spaces 
such that i induces an isomorphism from U to a closed subanalytic 
subset of N. 

Let M be a subanalytic space. One says that a sheaf F G Mod(kA^) 
is M.-constructible if there exists a locally finite family of locally closed 
subanalytic subsets {S'jjjg/ of M such that M = Si and F is locally 
constant of finite rank on each S'j. Denote by Dg ^.(kA^) the full subcate¬ 
gory of D’’(k;y^) whose objects have R-constructible cohomologies. 

1.7. Perversities. On the set of maps p\ Z^o consider the invo¬ 

lution * given by 

p*{n) := —pin) — n. 

Definition 1.7.1. (i) A function p\ Z^o —)• R is a perversity if both 

p and p* are decreasing, i.e. if 

0 ^ p{n) — p{m) — n for any m,n E Zj,o such that n ^ m. 

(ii) A classical perversity is a Z-valued perversity. 

Let M be a subanalytic space. To a classical perversity p is associated 
a classical t-structure (k^), ^D|_° (k^f)) on D^ ,,(kA 4 -) (refer to [1] 

and [11, §10.2]). Here, slightly generalizing a construction in [10], we will 
associate a t-structure to a perversity. 
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Notation 1.7.2. Set 

CSm :={closed subanalytic subsets of M}. 
For Z G CSm, denote by 

iz'- Z —f M 


the embedding. Set 


dz := dimZ (with dz, = — cxd). 

For k E Z, set 

CS<^:={ZeCSM]dz<k}, 

CS%^:={ZeCSM-,dz<k}. 

Definition 1.7.3. Let p be a perversity, c G M and k G Consider 
the following conditions on F G D'’(kM) 

(pf): G for some Z G CS<^ 

(pf): 4F G for any Z G CS|f . 

We define the following strictly full subcategories of D’’(kM) 

^’D^'^(kM) := {F G D^kM); (pf) holds for any k G Z^o}, 

^D^''(kM) := {F G D'’(kM); (p 4) holds for any k G Z^q}. 

Let us also set 


PD|:(kM) :="D^'^(kM)nD^.,(kM), 
PD|:(kM) :="D>'^(kM)nD^.,(kM). 


Note that (^D'^'^(kM), ^h)^'^(kM))^g]g is not a t-structure if dimM > 0. 

Lemma 1.7.4. For c G M, /c G Z^q o,nd F G D^_^(kM), the following 
conditions are equivalent 

(i) F satisfies 

(ii) dim(supp(iL'^F)) < k for any j with j > c + p{k). 

Proof. It is enough to remark that ^ if and only 

if supp(iL'^F) C Z for any j such that j > c + p{k). □ 


Proposition 1.7.5. We have the following properties. 

(i) (^D44kM)/D44kM))^eR is a t-structure on D^_^(kM). 

(ii) For any c G M, the duality functor Dm interchanges ^D^((,(kM) 
and ^*D44(kM)- 

(hi) For any interval / C M such that I —)■ M/Z is injective, the 
prestack on M 

U ^ "DL(f/) 

is a stack of quasi-abelian categories. 
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Proof. Note that, for (iii), it is enough to consider the case where I —)■ 
M/Z is bijective, i.e. the case where I = [c, c + 1) or / = (c, c + 1] for 
some c G M. 

(a) If p is a classical perversity, the result is due to [1]. More precisely, 
for the statements (i), (ii) and (iii) refer to Theorem 10.2.8, Proposition 
10.2.13 and Proposition 10.2.9 of [11], respectively. 

(b) Let now p be an arbitrary perversity. 

For c G M, denote by [cj the largest integer not greater than c, and by 
\c] the smallest integer not smaller than c. Note that [c] + [—cJ = 0. 

Statements (i) and (iii) follow from (a) by noticing that for any c G M 

('’D^r‘(k„)/D|:(k„)) and ('D£(k„)/D>r'(k„)) 
are the classical t-structures associated to the classical perversities 
Pc,+{n) := \c + p{n)], Pc,-{n) := \ c + p{n)\, 


respectively. 

Statement (ii) follows from (a) by noticing that one has 

{Pc,±T = 


□ 

Note that (^D^((,(kM)/D|((,(kM))^gR is indexed by [J (-p(fc)+Z). 


Definition 1.7.6. The middle perversity t-structure 

(‘'"D*(kM).'''"Df,(k„))^^„ 

is the one associated with the middle perversity m(n) := —n/2. 

Note that m is the only perversity stable by *. In particular, the middle 
perversity t-structure is self-dual. It is indexed by ^Z. 

2. Enhanced ind-sheaves 

Let M be a good topological space. The derived category of enhanced 
ind-sheaves on M is dehned as a quotient of the derived category of 
ind-sheaves on the bordered space M x Mqo- We recall here these no¬ 
tions and some related results from [4]. We also discuss the exact¬ 
ness of Grothendieck operations with respect to the standard classical 
t-structures. 

References are made to [13] for ind-sheaves, and to [4] for bordered 
spaces and enhanced ind-sheaves. See also [15] for enhanced ind-sheaves 
on bordered spaces and [16] for an exposition. 


ENHANCED PERVERSITIES 


13 


2.1. Semi-orthogonal decomposition. Let The a triangulated cate¬ 
gory, and Af <Z T a. strictly full triangulated sub category. We denote by 
T /Af the quotient triangulated category (see e.g. [14, § 10.2]). 

Proposition 2.1.1. LetAf <Z T be a strictly full triangulated subcategory 
which contains every direct summand in T of an object of Af. Then the 
following conditions are equivalent: 

(i) the embedding Af has a left adjoint, 

(ii) the quotient functor T —)■ T/A/" has a left adjoint, 

(iii) the composition -^Af T ^ T/Af is an equivalence of categories, 

(iv) for any X G T there is a distinguished triangle X' —>■ X —)• X" > 
with X' G ^Af and X" G Af, 

(v) the embedding ^Af —)■ T has a right adjoint, and Af ~ {'^Af)~^. 

A similar result holds switching “left” with “right”. 


2.2. Ind-sheaves. Let C be a category and denote by the category 
of contravariant functors from C to the category of sets. Consider the 
Yoneda embedding h: C ^ C^, X i—)■ Hom^(=i=,X). The category 
admits small colimits. As colimits do not commute with h, one denotes 
by 1^ the colimits taken in C, and by “ lin^ ” the colimits taken in C^. 

An ind-object in C is an object of isomorphic to “ lin^ ” ip for some 

functor p: I ^ C with I a small hltrant category. Denote by Ind(C) the 
full subcategory of consisting of ind-objects in C. 


Let M be a good topological space. The category of ind-sheaves on M 
is the category 

I(kM) ;= Ind(Modc(kM)) 

of ind-objects in the category Modc(kM) of sheaves with compact sup¬ 
port. 

The category I(kM) is abelian, and the prestack on M given by [/ i—)■ 
I(kt/) is a stack of abelian categories. There is a natural exact fully 
faithful functor lm'- Mod(kjvr) —t I(kM) given by F i—)■ “ liin ”(k^(8)F), for 

U running over the relatively compact open subsets of M. The functor lm 
has an exact left adjoint om '■ I (Mm) Mod(kM) given by ^^(“Ih^” t) = 


lin^ p. 

In this paper, we set for short 


D(M) :=D"(I(kM)), 


and denote by 

its standard classical t-structure. 
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For f:M^Na morphism of good topological spaces, denote by 
(8), Klhom, f~^, R/*, R/ii, /' the six Grothendieck operations for ind- 
sheaves. 

Since ind-sheaves form a stack, they have a sheaf-valued hom-functor 
Horn. One has KHom ~ om ° HXhom. 


V 

2.3. Bordered spaces. A bordered space M = (M, M) is a pair of a 

V V 

good topological space M and an open subset M of M. 

Notation 2.3.1. Let M = (M, M) and N = {N,N) be bordered spaces. 
For a continuous map /; M ^ N, denote by Fj C M x N its graph, and 

- V V 

by Fj the closure of Fj in M x N. Consider the projections 


M 


91 


V V 

M xN 


92 


M. 


Bordered spaces form a category as follows; a morphism /; M — > N 
is a continuous map f: M ^ N such that <?! I : F/ —)■ M is proper; 
the composition of two morphisms is the composition of the underlying 
continuous maps. 

Remark 2.3.2. (i) If /; M —)■ N can be extended to a continuous 

V V V 

map /: M —)■ N, then / is a morphism of bordered space. 

(ii) The forgetful functor from the category of bordered spaces to that 
of good topological spaces is given by 

M = (M,M) ^ M ;=M. 

It has a fully faithful left adjoint M i—)■ (M, M). By this functor, 
we consider good topological spaces as particular bordered spaces, 
and denote (M, M) by M. 

Note that M = (M, M) i—)■ M is not a functor. 

Let M = (M, M) be a bordered space. The continuous maps M —)■ 

V 

M ^ M induce morphisms of bordered spaces 
(2.3.1) 

Note that M ~ (M, M), where M is the closure of M in M. 

Notation 2.3.3. For a locally closed subset Z of M, set Zoo = {Z, Z), 

_ V 

where Z is the closure of Z in M, and denote iz^ ■ Zoo —t M the morphism 
induced by the embedding Z C M. 

Lemma 2.3.4. Let /; M — )■ N be a morphism of bordered spaces. Let 

o o 

Z C M and IF C N fee locally closed subsets such that f{Z) C IF. Then 
f\z'. Z —)■ IF induces a morphism Zoo —t IFqo of bordered spaces. 
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In particular, the bordered space Zoo only depends on M (and not on 

M). 

Definition 2.3.5. We say that a morphism /; M —)■ N is semi-proper if 

- V o o o 

g 2 1 —^ : rj — )■ iV is proper. We say that / is proper if moreover /: M — )■ N 
is proper. 

For example, jm and iz^ are semi-proper. 

V 

Definition 2.3.6. A subset S' of a bordered space M = (M, M) is a 
subset of M. We say that S is open (resp. closed, locally closed) if it 
is so in M. We say that S is relatively compact if it is contained in a 

V 

compact subset of M. 

As seen by the following obvious lemma, the notion of relatively com- 

V 

pact subsets only depends on M (and not on M). 

Lemma 2.3.7. Let /: M —)■ N be a morphism of bordered spaces. 

o o 

(i) If S is a relatively compact subset ofM, then its image f{S) C N zs 
a relatively compact subset of N. 

(ii) Assume furthermore that f is semi-proper. If S is a relatively com- 

o o 

pact subset o/N, then its inverse image f~^{S) G M is a relatively 
compact subset of M. 

2.4. Ind-sheaves on bordered spaces. Let M be a bordered space. 
The abelian category of ind-sheaves on M is 

I(kM) ;= Ind(Modc(kM)), 

o 

where Modc(kM) C Mod(k|^) is the full subcategory of sheaves on M 
whose support is relatively compact in M. 

There is a natural exact embedding im : Alod(k|^) —)■ I(kM) given by 
F I—)■ “hm”(k(/ Z)F), for U running over the family of relatively compact 

open subsets of M. 

We set for short 

D(M);=D^(I(kM)), 

and denote by 

(D^°(M),D^°(M)) 
its standard classical t-structure. 

V 

Let M = (M, M), and consider the embeddings 

M\M M M. 

V V 

The functor Ri* ~ RLi induces the embedding D(M\M) C D(M), which 
admits a left and a right adjoint. 
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Proposition 2.4.1. There is an equivalence of triangulated categories: 

D(M) ~ D(M)/D(M\M). 

Proof. The functor ji induces an exact functor Modc(kM) —)■ Modc(kv), 
which induces an exact functor I(kM) —)■ I(k^) and functors of triangu¬ 
lated categories D(M) —)■ D(M) —)■ D(M)/D(M \ M). 

On the other hand, the functor induces an exact functor Modc(k^) —)■ 
Modc(kM), which induces an exact functor I(kv) —)■ I(k|vi) and a func- 

V 

tor of triangulated categories D(M) —)■ D(M). Since the composition 
D(M\M) —)■ D(M) —)■ D(M) vanishes, we obtain a functor D(M)/D(M\ 
M) ^ D(M). 

It is obvious that these functors between D(M) and D(M)/D(M\ M) 
are quasi-inverse to each other. □ 

Thus, there are equivalences 

D(M) ~ D(M)/D(M \ M) ~ ^D(M \ M) ~ D(M \ M)^, 
and one has 

^D(M \ M) ~ {F G D(M); kju ® F ^ F}, 

D(M \ M)^ ~ {F G D(M); Rlhom (kM, F) F}. 

Denote by 

qM; D(M) ^D(M), lM,rM; D(M) ^D(M) 
the quotient functor and its left and right adjoint, respectively. For 
F G D(M), they satisfy 

(2.4.1) iMqM-F - kju <D-F, rMqM-^ - (kM, F). 

Remark 2.4.2. At the level of sheaves, there is a natural equivalence 

D‘(k«) - 

There is a commutative diagram 

D"(kM) >--- D(M) 

'I ^ ^ 

D»(qv)/D»(k^^_,P D(M)/D(M \ M). 

The functor ; D’^(k|^) —)■ D(M) has a left adjoint 

aM:D(M)^D^(ko). 

It coincides with the composition 

D(M)^D(M)^D^k^). 
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Let /; M —)■ N be a morphism of bordered spaces. The six Grothendieck 
operations for ind-sheaves on bordered spaces 

D(M) X D(M) ^ D(M), 

Rlhom : D(M)°P x D(M) ^ D(M), 
R/n,R/,:D(M)^D(N), 

/-\/':D(N)^D(M) 

are dehned as follows. Recalling Notation 2.3.1, observe that Tj is locally 
closed in M x N. For F, F' G D(M) and G E D(A^), one sets 
quF ^q^F' := q^iF ^F'), 

Rlhom {quF, qivi^O •= quR^hom {F, F'), 

RfnquF := qNRg 2 !!(krj. <8) qi^F), 

Rf^quF := qNRg2*RThom(kr^,g|F), 
f~^quG := qMRgi!!(krj. <^q2^G), 

/'q^G := qiviRgi^RX/iom (kr^, q^G). 

Remark 2.4.3. The natural embedding 

.M:D'^(ko)^D(M) 

commutes with the operations (8), Rlhom, f~^, R/*, /'. If / is semi¬ 
proper, one has 

(2.4.2) R/n R/,. 

V 

Remark 2.4.4. Let M = (M, M). For the natural morphism j m : M —)■ 

V 

M, one has 

Qm ^ ^ Jm , 1m ^ Rjm!!, tm ~ Rjm*. 

The following result generalizes (2.4.1). 

Lemma 2.4.5. Let Z be a loeally closed subset of M, and let F E D(M). 
Using Notation 2.3.3, one has 

kzZ)F ex Riz^uizlF, 

Rlhom {kz, F) ~ Riz^Uz^o 

Proof. To avoid confusion, let us denote by k^^^ the extension by zero 

o 

to M of the constant sheaf kz on Z. Since iz^ is semi-proper, (2.4.2) 
implies k^^^ ~ Rz^^nk^. Hence 

- (R^Xcoiikz) OT’ 

- ^^z^iii'kz ®izlF) 

R'*Xoo!!^Zoo-^' 
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We can prove the second isomorphism similarly. □ 

V 

Let M = (M, M) be a bordered space. By [4, §3.4], one has 
D^°(M) = {Fe D(M); RjM!!i^ e D^°(M)}, 

D>°(M) = {Fe D(M); Rjm!!^ e D^°(M)}. 

Proposition 2.4.6. Let M be a bordered space. 

(i) The bifunctor ® is exact, i.e. for any n,n' ^ Z one has 

D^’^(M) C D^"+"'(M), 

D^"(M) C D^"+"'(M). 

(ii) The bifunctor HXhom is left exact, i.e. for any n,n' E X one has 

Letf: M ^ N be a morphism of bordered spaces. 

(iii) R/i! and R/* are left exact, i.e. for any n G Z one has 

R/mD^"(M) C D^'^(N), 

R/*D^"(M) C D^'^(N). 

(iv) f~^ is exact, i.e. for any n G Z one has 

o 

Let d G Z^o O'l^d assume that f~^{y) C M has soft-dimension ^ d for 

o 

any i/ G N. 

(v) R/ii(=t:)[(i] is right exact, i.e., for any n G Z one has 

R/!!D^'^(M) C D^^+'^(N). 

(vi) /■ (*)[—d] is left exact, i.e., for any n G Z one has 

/'D^”(N) C D^"-'^(M). 

Proof. When M and N are good topological spaces, statements (i)-(iv) 
follow from [13]. 

Let M = (M, M) and N = (iV, A^). Replacing (M, M) with (M, L/), we 

V V V 

may assume from the beginning that f: M ^ N extends to /: M ^ N. 

(i) follows from the topological space case, using the fact that Rjm!! 
commutes with ®. 

(ii) follows from (i) by adjunction. 

(iii) and (iv) follow from the topological space case using the isomor¬ 
phisms 

R/l! - R/* ~ jN^RARjM*, ^ Jm” n • 


ENHANCED PERVERSITIES 


19 


As (vi) follows from (v) by adjunction, we are left to prove (v). 

By devissage, it is enough to show that for F G I(kM) one has 

H'^RfuF ~ 0 ioTk>d. 

Writing F = “li^” Fj with Fi G Modc(kM), one has 

i 

H’^RfuF ~ “h^” 

i 

Then, for any y & N, 

(//‘R/.F.), ^ ^ 0 , 

since f~^{y) has soft-dimension ^ d. □ 

Proposition 2.4.7. Let /: M —)■ N be a morphism of bordered spaces. 
Let n E Tj and G G D(N). Assume 

(a) / is semi-proper, 

o o o 

(b) /: M ^ N is surjective. 

Then 

(i) f-^G G D^"(M) implies G G D^”(N), 

(ii) f~^G G D‘^"(M) implies G G D*="(N). 

Proof. Let M = (M, M) and N = (A^, N). Since f~^ is exact, it is enough 
to show that, for G G D°(N) ~ I(kM), f~^G ~ 0 implies G ~ 0. 

Write G = “ lin^ ” Gj, where is a filtrant inductive system of 

objects Gj G Modc(kN). Recall that this means that Gj G Mod(kjv) and 

V 

supp(Gj) is relatively compact in N. Since / is semi-proper, /“^Gj G 
Modc(kM) by Lemma 2.3.7 (ii). The assumption f~^G = “ lin^ ” /~^Gj ~ 

0 implies that, for any i E I, there exists z —)■ j in / whose induced 
morphism /“^Gj —)■ f~^Gj is the zero map. Since / is surjective, Gj —)■ 
Gj is the zero map. Thus G = 0. □ 

Proposition 2.4.8. Let f:M^N be a continuous map of good topo¬ 
logical spaces, and {Vj}je 7 an open covering of N. Let Ki E D(/“^Vj) 
satisfy R/^RTfom (iLj, iLj) G D^°(kv'J and let 

^ Filf-iViHf-Wj 

be isomorphisms satisfying the usual cochain condition-. Uij o ujk = Uik on 
f~^Vi n f~^Vj n f~^Vk. Then there exist K E D(M) and isomorphisms 
Ui'. K\f-iy. Ki compatible with Uij, that is, Uij o Uj = Uj on f~^Vi fl 
f~^Vj. Moreover, such a K is unique up to a unique isomorphism. 
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Proof. The arguments we use are standard (see e.g. [10, Proposition 5.9]). 
Let us set Ui := f~^Vi C M. 

(i) Let us first discuss uniqueness. Let K' G D(M) be such that there 
are isomorphisms u': K'\jj. Ki compatible with Uij. Note that for 
any open subset V of N, one has 

~ H°RriV;Rf,Rnom{K, K')). 

Since one has R/^RTfom {K, K')\vi — Rf^RPLom {K^, Ki) G D^°(kv/J, we 
have Rf^R'Hom{K,K') G D^°(kAr). Hence 

V I—)■ K'\f-iv) is a sheaf on N. 

We thus get an isomorphism K K' on M by patching together the 
isomorphisms u'~^ o m on Ui. 

(ii) Let us now prove the existence of K as in the statement. 

(ii-1) Assume that I is finite. In order to prove the statement, by 
induction we reduce to the case / = {1,2}. Set Vq := Vi O V 2 and 
Kq := Ki\uo — -^sluo- Let j*: Lj —)■ M (i = 0,1, 2) be the open inclusion. 
By adjunction, for i = 1, 2 there are natural morphisms 

A - Rjow^o RjiwKi- 

Let us complete the morphism {Pi, 132) into a distinguished triangle 

RjoiiKo RjyjKi © RJ 2 V.K 2 K ^4 . 

Then K satishes the desired condition. 

(ii-2) Assume that I = Z^o and that (Wlnez^o increasing sequence 
of open subsets of N. Then Kn+i\un — ^n- Let Un ^ M {n E 
Zj>o) be the open inclusion. By adjunction, there are natural morphisms 
Pn- RjnwKn “^ Rjn+i\\Kn+i G Z^q)- Let K be the homotopy colimit 
of the inductive system {Rjn\\Kn}nez^o, that is, let K be the third term 
of the distinguished triangle 

0 RjnV.Kn ^ 0 RjnllKn ^ K ^ . 

Here P is the only morphism making the following diagram commute for 
any m G Z^q 


Rj m\\ jid^R^. 

mW^m ® R-Jm+l !!-^m+l 


®nez>0 RjnllA^n ^ ®nGZ>.n ^jnWp^n- 




Then K satisfies the desired condition. 
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(ii-3) Let / be arbitrary. Let {Zn}nei,^o ^>6 an increasing sequence of 
compact subsets of N such that N = lJnez>o increas¬ 

ing sequence {/n}nGZ>o of hnite subsets of / such that Zn is covered by 
{Vi}iein^ and set = Vi, U^: = f-^V^. Applying (ii-1) with N = 
and I = In, we can hnd an object Kn € D(17^) such that Kn\ui — fo^' 
any i & In- Then we can apply (ii-2) with I 4 = Vjj. □ 

2.5. Ind-sheaves with an extra variable. Let M := M U {-l-C) 0 , —cx)} 
be the two-point compactihcation of the affine line. The bordered line is 

Moo := (M, M). 

Let M be a bordered space. Consider the morphisms 

(2.5.1) /i, gi,g2: M X Moo X Moo -t M X Moo, 

where fi{x,ti,t 2 ) = {x,ti + ^ 2 ), and qi,q 2 are the natural projections. 
The convolution functors 

(g): D(M X Moo) X D(M X Moo) — t L)(M X Moo), 

XhoViV ■. D(M X Moo)°^ X D(M X Moo) —t D(M X Moo) 

are defined as follows, for Fi,F 2 G D(M x Moo), 

Fi ® F 2 := RfxvXqi^Fi ®q2^F2), 

Xhom'^{Fi, F2) := Rqi^RXhom p' F2). 

Example 2.5.1. Let M = {pt} and let a, 6 G M. 

(i) For a ^b, one has 

+ + 

X/mm+(kp^o}, kps^a}) ^ kp<a}[l], Xhom+(kp^o}, k{a,£t<fe}) ^ k{ a-^t<b} • 

(ii) For 0 < a ^ 5, one has 

+ 

k{0s£l<a} ® k{o<4<fe} — k{o<t<a} ® k{6,g4<a+fc} [—1]. 

Consider the standard classical t-structure 

(D^°(MxMoo),D^°(MxMoo)) 
on D(M X Moo) discussed in §2.4. 

Lemma 2.5.2. Let M be a bordered space. 

(i) For n,n' E X one has 

D^”(M X Moo) ® D^”'(M X Moo) C x Moo), 

D^”(M X Moo) ® D^”'(M X Moo) C x Moo). 

In particular, the bifunctor (g) is left exact. 
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(ii) For n,n' E Ta one has 

X/iom+(D^”(M X x Roo)) C x Roo). 

Proof. Recall the maps (2.5.1). 

(i) By the definition, for Fi, F 2 G D(M x Roo) one has 

Fi (g) F 2 := Rnn{qf^Fi ®qf^F2). 

Then the statement follows from Proposition 2.4.6. 

(ii) The proof is similar, recalling that 

Ihom'^{Fi, F2) := Rgi^RXhom {qf^Fi, fi' F2). 

□ 

Remark 2.5.3. There are no estimates of the form 

XW+(kp^ 0 },D°(M X Roo)) C D^™(M X Roo) 
with m G independent of M. In fact, setting, 

M = R" (n ^ 1), F = k{ 3 .^o, i=i/|x|}, 

one has 

(2.5.2) Xhom+(kp^o}, F) i D^’"-3(M x Roo), 

which follows from 

7r"^k{,E=o} 0X/mm+(kp3,o},-^) - vr"^k{a,=o}[l] © 'k~^\<.{x=o}[ 2 - n]. 
Lemma 2.5.4. For F G D(M x Roo) and n G Z one has 

kps.0} © r^"(kp^o} r^"(kp^o} © K), 

kps.0} © r^"(kp^o} © F) ^ r^"(kp^o} © K), 

Let us give a proof of this result slightly different from that in [4, 
Proposition 4.6.2]. 

Proof. Consider the distinguished triangle 

k{t>o} © r'^”(kp^o} kp>o} © (kp^o) © K) 

kp>o} © '^^"^(kjt^o} © F) — — y . 

Since the middle term vanishes, one has 

kp>o} © r>”(kp3,o} © F) ~ kp>o} © r^"(kp;^o} © ^)[1]- 

By Lemma 2.5.2, the first term belongs to D^"^(M x Roo) and the second 
term belongs to D'^”(M x Roo)- Hence they both vanish. □ 
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2.6. Enhanced ind-sheaves. Let M be a bordered space, and consider 
the natural morphisms 

M M X Roo M X 1 M. 

Consider the full subcategories of D(M x Roo) 

A4 ■■= {K eI){M X Roo); ® /i' ~ 0} 

= {iC e D(M X Roo); Xhom+(k{zpt^o},-^) - 0}, 

M ■.= M+nM- 

= 7r-iD(M), 

where the equalities hold by [4, Corollary 4.3.11 and Lemma 4.4.3]. 

The categories of enhanced ind-sheaves are defined by 

E^(IkM) := D(M X Roo)/A/'t, E'’(IkM) := D(M x Roo)/AA. 

In this paper, we set for short 

E±(M) := E^(IkM), E(M) ;= E^(IkM). 

By [4, Proposition 4.4.4], there are natural equivalences 

E±(M) ~ N'±/N' ~ = A/± n 

E(M) ~ ~ E+(M) © E_(M), 

and the same equivalences hold when replacing left with right orthogo- 
nals. Moreover, one has 

= {iC G D(M X Roo); k{±i^o} ®K 

~*"AA = {iL G D(M X Roo); (k{t^o} ® Ep,go}) ® iP} 

= {K G D(M X Roo); RTTniL ~ 0}, 

and the same equalities hold for right orthogonals, replacing © with 
Xhom^ and Rvrn with Rvr*. 

We use the following notations 

Qm Qm 

D(MxRoo) ^ ^ E(M), D(MxRoo) t ^ E^(M), 

L®, rE l|, R| 

for the quotient functors and their left and right adjoints, respectively. 
For F G D(M X Roo) one has 

L^(QmX) ^ (kp^o} © kp^o}) © X, 

R^(QmX) - Xhom+(kp^o) © kp^ro}, F). 

For a locally closed subset Z C M x R, we set 
(2.6.1) kQ:=QM(k^) gE(M). 
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There are functors 


(2.6.2) e:D(M)^E(M), 


e±: D(M) E±(M), 


F I-)- ® ^ 


The functors e± are fully faithful and e(F) ~ e+(F) © e_(F). 
The bifunctors 


Ihorn^: E(M) x E(M) ^ D(M), 
nom^: E(M)°P x E(M) ^ D'’(k^), 


are defined by 

Ihom^iK, K') ■= Rn^RZhom (L^ K, K') 


~ RTT^RXhom (L^ RT, R^ K') 

~ RT^^RZhom (R^ RT, R^ K') 

~ Rvf^RXhom (Rjn K, Rj* R^ K') and 


ZLomP := (Um o ZhomF'. 

One has 


(2.6.3) Homg(^)(R',R") ~ Homj3(^)(kM,X/iom^(R', R")). 


If M is a topological space, that is, if M —)■ M is an isomorphism, one has 

HomE(^^)(R:,R:') ~ h/°RX(M;7fom^(R:,R:')). 

Note, however, that K') ~ H^Rr[M;ZLomZ{K, K')) does 

not hold in general. 

Definition 2.6.1 ([4, Definition 4.6.3]). For n G Z, set 

E^’"(M) :={K G E(M); L^RT G D^'^(M x Moo)}, 

E>^(M) := {K G E(M) ; R: G D^'^(M x Moo)}. 

Note that 

E°(M) ~{X G I(kMxRoo); (k{t>o} ® kp,go}) © X ^ X in D(M x Moo)} 
= {X G I(kMxRoc); RttmX ~ 0 in D(M)}. 

Proposition 2.6.2 ([4, Proposition 4.6.2]). (E’^°(M), E^°(M)) is a clas¬ 
sical t-structure on E(M). 

Example 2.6.3. Let a, 6 G M with a < b. In the category E({pt}), one 
has 
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In particular, 

^ E»({pt}). 

Proposition 2.6.4. Let M he a good topological space. Then the prestack 
on M given hyU^ E°(f/) is a stack of abelian categories. 

Proof. The statement holds since U i—)■ E°(f/) is a sub-prestack of the 
direct image by vr of the stack of ind-sheaves on M x Moo- More precisely, 
one has 

E°(f/) ~ {F e ; (kps,0} © kp^o}) © F ^ F}- 

□ 


Lemma 2.6.5. For any n G Z one has 

QmD<"(M xMoo) cE^"+i(M), 

QmD^"(M X Moo) = E>"(M). 

In particular, Qm is left exact. 

Proof, (i) For F G D(M x Moo), one has QmF ~ (k{t^o} © kpsco}) © F. 
Hence the inclusions “c” follow from Lemma 2.5.2. 

(ii) It remains to show the opposite inclusion QmD^"'(M xMoo) D E^"'(M). 
If F G E^’"(M), then F:=L^F G D>’^(M x Moo), and K ~ Qm(E). □ 

Lemma 2.6.6. For any n G Z one has 

rEe^"(M) c X Moo). 

Proof. By Lemma 2.6.5, the functor Qm[ 1] is right exact. Hence its right 
adjoint R^[—1] is left exact. □ 

Remark 2.6.7. (i) It follows from Example 2.6.3 that the estimate in 

Lemma 2.6.6 is optimal. 

(ii) It follows from Remark 2.5.3 that there are no estimates of the form 

R^E°(M) C D^™(M X Moo) 

with m G Z independent of M. 

(iii) The example in Remark 2.5.3 shows that 

{{K G E(M); R^ F G D^°(M x Moo)}, 

{F G E(M); R^ F G D>°(M x Moo)}) 

is not a classical t-structure on E(M), in general. 

Proposition 2.6.8. The functors ThomP andFLom^ are left exact, i.e. 
for n, F G Z one has 

(i) Xhom^(E^"(M),E^”'(M)) C D^"'-"(M), 

(ii) Fom^(E'^”(M),E>”'(M)) C D>’^'-^(ko). 
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Proof, (i) By the definition, for K,K' G E(M) one has 

Xhom^{K, K') = R'n^RXhom (L^ K, K’). 

Hence the statement follows from Proposition 2.4.6. 

(ii) One has XLom^ = a^XhomP. Since au is exact, the statement 
follows from (i). □ 


2.7. Operations. Let /; M —)■ N be a morphism of bordered spaces. 
The six Grothendieck operations for enhanced ind-sheaves 

0: E(M) X E(M) ^ E(M), 

Xhom+: E(M)°P x E(M) ^ E(M), 
E/,,,E/,:E(M)^E(N), 

E/-\E/’:E(N)^E(M) 

are defined as follows. Set /r^ = / x idR^; M x Mqo —t N x Roo- For 
F, F' G D(M X Roo) and G G D(N x Roo), one sets 

Qm-^ G) Qm-^^ := Qm(-^ ® F')^ 

(QmF, QmF') := QMXhom’^(X, X'), 

E/iiQmX := QnR/r^oIiX, 

E/*QmR := QnR/roo*-E, 

E/ ^QnG := Qm/r^G, 

E/ QnG := Qm/r^C- 
The duality functor is defined by 

D^: E(M) ^E(M)°P, F ^ Xhom+(F, o;^), 
where cum := G D(M) and :=e(a;M) := G E(M). 

Lemma 2.7.1 ([4, Lemma 4.3.2]). Let M = (M, M). For F G D(kMxR), 
one has 

Em(Qm-E) — QM(n ^Dmxr-E), 

where a is the involution o/M x R defined by a{x,t) = {x, —t). 


Example 2.7.2. Let a, 6 G R with a < b. In the category E({pt}), one 
has 

In particular, 

E°({pt}) and G E ^({pt}). 


Proposition 2.7.3. Let M be a bordered space. 
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(i) For n,n' E Ta one has 

E^”(M) (g) E^’"'(M) C E^”+'^'+i(M), 

E^^(M) 1) E>’^'(M) C E^”+'^'(M). 

In particular, the bifunctor (g) is left exact. 

(ii) For n,n' E 7 a one has 

X/iom+(E*^'^(M),E^"'(M)) C E>"'-”-^(M). 

Let /: M —)■ N be a morphism of bordered spaces. 

(iii) E/„ and E/^ are left exact, i.e. for any n E 7 one has 

E/nE^”(M) C E^"(N), 

E/,E^”(M) C E^"(N). 

(iv) E/“^ is exact, i.e. for any n E 7 one has 

E/-^E*^”(N) C E^”(M), 

E/-^E^'^(N) C E^^(M). 

o 

Let d E 7 ^q and assume that f~'^{y) C M has soft-dimension ^ d for 

o 

any i/ G N. 

(v) E/||(*)[(i] is right exact, i.e. for any n e 7 one has 

E/nE^’^(M) C E^”+'^(N). 

(vi) E/'(*)[—d] is left exact, i.e. for any n E 7 one has 

E/'E^"(N) C E>"-'^(M). 

Proof, (i) For K E E(M) and K' E E(M) one has 

Then the statement follows from Lemma 2.5.2. 

(ii) follows from (i) by adjunction. As we deal here with bifunctors, 
let us spell out the proof. Let K E E^"'(M), K' E E^’^'(M), and L E 
E<”'“”“i(M). Then one has 

Honip.(^)(L,X/mm+(A:, a:')) ~ }lom^^^.^{L ^ K, K') 

GHom^(^)(E<-'(M),E^"'(M)) = 0. 

Then Xhom^{K,K') E = E^^'-^-^(N). 

(iii-1) The fact that E/n is left exact follows from Proposition 2.4.6, since 
one has 

L^oE/n-R/M^noL'^, 
where we recall that /r^ ■= f x idR,^. 
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(iv) also follows from Proposition 2.4.6, since one has 

oE/-^ ^ 4 -^ o . 

(iii-2) The fact that E/^ is left exact follows from (iv) by adjunction. 

(v) has a proof similar to (ih-l). 

(vi) follows from (v) by adjunction. □ 

Proposition 2.7.4. Let /: M —?■ N be a morphism of bordered spaces. 
Let n G Z and L G E(N). Assume 

(a) / is semi-proper, 

00 o 

(b) /; M ^ N is surjective. 

Then 

(i) f-^L G E^”(M) implies L G E^"(N), 

(ii) f~^L G E^"'(M) implies L G E®=”'(N). 

Proof. It is enough to apply Proposition 2.4.7 to the morphism /r^ : M 
Roo —)■ N X Roo and the object G = L G D(N x Rqo)- 

The bifunctors 

® (*): D(M) x E(M) ^ E(M), 

Rlhom *): D(M)°p x E(M) ^ E(M) 

are defined as follows, for L G D(M) and F G D(M x Roo), 

7r“^L (g) Qm-^ := QM(7r“^T ^F), 

RZhom {ti~^L, QmF) := QiviRXhom (vr^^L, F). 

Lemma 2.7.5. Let M be a bordered space. 

(i) The bifunctor {*) (g) (*) is exact, i.e. forn,n' G Z one has 

7r-^D^”(M) (g)E^'^'(M) C E^’^+^^M), 

7r-^D>"(M) (g)E^'^'(M) C E^"+"'(M). 

In particular, the functor e from (2.6.2) is exact. 

(ii) The bifunctor RXhom (7r“^(*), *) is left exact, i.e. for n,n' G Z 
one has 

RXhom(7r-iD^"(M),E^^'(M)) C E>”'-'^(M). 

Proof, (i) For F G D(M) and K G E(M) one has 

L^(7r-^X (g) XT) ~ tt-^F ® K. 

Hence the statement follows from Proposition 2.4.6. 

(ii) follows by adjunction from (i). □ 

Let us end this section stating some facts related to Notation 2.3.3. 


□ X 
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Lemma 2.7.6. Let Z be a locally closed subset of M, and K G E(M). 
One has 

TT-^kz®K ~ Eiz^uEizlK, 
RIhom{7i-^kz,K) ~ Eiz^^Ei'z^K. 

Proof Note that {Z x R)^ = Zo^xRoo and xidR^ = i(zxRU- Hence 
the statement follows from Lemma 2.4.5. □ 

Lemma 2.7.7. Let Z be a locally closed subset of M, and Z' <Z Z a 
closed subset. For K G E(M), there are distinguished triangles in E{Zoo) 

Ei\\Eif^^^^,^^K —)■ Ei^^K —)■ Ei'uEi'f.} K > , 

Ei'^Ei-z,^K Ei'z^K Ei^Ei\z\z')^K 

where i: {Z \ Z')oo —t Z^o and i' ■. Z'^ —>■ Z^^ o,re the natural morphisms. 

Proof. Since the proofs are similar, we shall only constrnct the hrst dis- 
tingnished triangle. By Lemma 2.7.6, applying the fnnctor 7r“^(*) K 
to the distingnished triangle 

kz\z' —t —)■ kz' ——>, 

one gets the distingnished triangle 

^^iz\z')^„^ilz\z')^^ ^'^z^\\^^zl^K -)■ Eiz^,,Eiz}^K . 

Since iz'^ = iz^ ° i' and i{z\z')^ = izao ° L fhe distingnished triangle 
in the statement is obtained by applying the fnnctor Ei^^ to the above 
distingnished triangle. □ 

Lemma 2.7.8. Let c G M and Z a locally closed subset of M. 

(i) The following conditions are eguivalent: 

(a) EizlK G E^'=(Z^), 

(b) 7r-^kz(ZK e E^‘=(M). 

(ii) The following conditions are eguivalent: 

(a) Ei'z^K G E^%Z^), 

(b) RIhom{Ti-^kz,K) G E^'=(M). 

Proof, (i) By Lemma 2.7.6, one has 

7i~^kzZ)K ~ Eiz^uEizl^K, 

EzzlK:^Ezzl{n-^kz®K). 

The statement follows, since the fnnctors Ef^^n and Ei'^^ are exact by 
Proposition 2.7.3. (It follows that (a) and (b) remain eqnivalent when 
replacing ^ c by ^ c.) 

(ii) is proved similarly. □ 
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2.8. Stable objects. Setting 

k{t»o} := ■= “Ik^” k{i<„}, 

a^+OD a—>-+00 

k{o<t<*} := “In^” y^{o^t<a}, 

a—>-+oo 

there are distinguished triangles in D(M x R^o) 

k{t>o} k{t<*}[l] —)■ kA^xR[l] -^5 

k{os£i<*} kjt^o} kjj^o} ^^ • 

The objects of E(M) 

kM := QM(k{t»o}) ^ QM(k{t<*}[l]) and 
kM^ := QM(k{o<4<*}) 
enter the distinguished triangle 

(2.8.1) kjt^o} k^- y . 

Note that we have 

kM^ <S k^" ^ k^", k^ S k^ ~ k^ and k*^" |) k^ ~ 0. 

Definition 2.8.1. The category Est(M) of stable enhanced ind-sheaves 
is the full subcategory of E+(M) given by 

E,t(M) := {K e E+(M); (g) ~ 0} 

= {K eE+{M); K 

= {K e E+(M); ~ k^ (g) L for some L G E^(IkM)} 

= {K G E+(M); K (g) K for any a ^ 0}, 

where the equivalences follow from (2.8.1) and [4, Proposition 4.7.5]. 
Similar equivalences hold by replacing (g) with Xhorri^. 

The embedding Est(M) —>■ E(M) has a left adjoint k^ 0 *, and a right 
adjoint Xhom'*’(k^, *). There is an embedding 

(2.8.2) e: D(M)Est(M), F i-)-kj^ 0 vr'^F. 

Note that e(F) ~ k^ 0 e(F). 

o 

For a locally closed subset 0 C M x R, we set 

(2.8.3) k|:=k^0k§GE,t(M). 

Lemma 2.8.2. 

(i) The embedding e from (2.8.2) is fully faithful and exact. 





ENHANCED PERVERSITIES 


31 


(ii) The functor ® (*) is exact. 

Proof, (i) follows from [4, Proposition 4.7.15] and Lemma 2.7.5, and (ii) 
from [4, Lemma 4.7.4]. □ 

The duality functor for stable enhanced ind-sheaves is defined by 

D^: E(M) ^ E,t(M)°P, K ^ Ihorn^{K, oo^), 

where we set : = e(ujM)- 

Lemma 2.8.3 ([4, Proposition 4.8.3]). Let M = (M, M). For F G 
D’"(kMx]R), one has 

D^(k^ 1) QmF) ~ k^ I) (D^QmF) ~ k^ 0 Qm (a ^Dmxr-^), 

where a is the involution of M x M. defined by a{x,t) = [x, —t). 


3. Enhanced perverse ind-sheaves 

As we recalled in Section 1, a perversity endows the triangulated cate¬ 
gory of M-constructible sheaves on a subanalytic space with a t-structure. 
Here, we extend this result to the triangulated category of M-constructible 
enhanced ind-sheaves. We allow the subanalytic space to be bordered, 
and we also discuss exactness of the six Grothendieck operations. 

3.1. Subanalytic bordered spaces. Recall Notation 2.3.1. 

V 

Definition 3.1.1. (i) A subanalytic bordered space M = (M, M) is a 

V 

bordered space such that M is a subanalytic space and M is an 

V 

open subanalytic subset of M. 

V 

(ii) A morphism /; M —N = (iV, N) of subanalytic bordered spaces is 
a morphism /: M N of subanalytic spaces such that its graph P f 

V V 

is a subanalytic subset oi M x N, and <?i| is proper. In particular, 
/: M —)■ N is a morphism of bordered spaces. 

(iii) M is smooth of dimension d if M is locally isomorphic to M'^ as a 
subanalytic space. 

(iv) A subset S' of M (see Definition 2.3.6) is called subanalytic if it is 

V 

subanalytic in M. 

(v) A morphism /: M —N of subanalytic bordered spaces is submersive 

o o o o 

if the continuous map /; M —)■ N is locally (in M) isomorphic to the 

o o 

projection N X M'* —)■ N for some d. 

V 

Let M = (M, M) be a subanalytic bordered space, and consider the 

V 

embedding jm '■ M —)■ M. 
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Definition 3.1.2. D^_j,(kM) is the full subcategory of D’’(kM) whose 
objects F are such that 'Rjm'.F is an M-constructible object of D’^(k^). 
We regard D^_j,(kM) as a full subcategory of D(M). 

Proposition 3.1.3. Let /: M — > N be a morphism of subanalytic bor¬ 
dered spaces. 

(i) The functors f~^ and f- send D^_^(kN) fo Dg_^(kM). 

(ii) If f is semi-proper, then the functors R/n and R/* send D^_^(k|vi) 
to D^.c(kN)- 

In particular, the category D^ ^(kM) only depends on M. 

Notation 3.1.4. For M a subanalytic bordered space, set 
CSm := {closed subanalytic subsets of M}, 

LCSm ;= (locally closed subanalytic subsets of M}. 

For Z G LCSm, denote by 

• -^oo M 

o 

the morphism induced by the embedding Z C M (see Notation 2.3.3). 
For /c G Z, set 

CS<'=:={ZGCSM;dz<fc}, 

CSf,^-.= {Z eCSu^dz^k], 
and similarly for LCSm^ and LCS^^. 

Definition 3.1.5. Let p be a perversity, c G M and k G Zj-q. Consider 
the following conditions for F G D(M) 

(Ipf) ■ 6 D«+>'''=>((Af \ ZU) for some Z 6 CS<‘, 

(Ipf) : rL 6 D^«''>''>(Zoo) for any Z € CS«. 

Consider the following strictly full subcategories of D(M) 

;= {F G D(M); (Ipf) holds for any k G Z^o}, 

PD^"(M) := {F G D(M); (Ipf) holds for any k G Z^o}- 

Let us also set 

"D^:(kM):="D^'=(M)nDL(kM), 

"Di‘=,(kM):=^D^'=(M)nDL(kM). 

It is easy to check that (^D]^j),(kM), ^D]^_{,(kM))^g]g satisfies the analogue 
of Proposition 1.7.5 (i) and (ii). 

Note that (^D®=‘^(M), PD^'^(M))^gjjj is not a t-structure if dimM > 0. 
Lemma 3.1.6. For any c G M one has 

om(’’D*(M)) c'’D«(k.). 
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Proof. This follows from the fact that a commutes with i □ 

Remark 3.1.7. Since a does not commute with the functors if the 
statement 

a„(>'D^'(M)) c>’D>'(k.) 

does not hold in general. For example, as in [13, Exercise 5.1], let 

M = M, 5 = {0}, F = “hi^”k[_,,,]. 

£—^ 0 + 

Then q;mF’ ~ kg G ^/^D°(kM) and igF ~ ks[—1], igauF — kg. Hence 

V 

3.2. Intermediate enhanced perversities. Let M = (M, M) be a 

subanalytic bordered space. 

Definition 3.2.1. Let p be a perversity, c G M and k G Zj,o. Consider 
the following conditions for K G E(M): 

(Epf): 6 E®+fl‘)((M\ Z)„) for some Z 6 CS£,‘, 

(Epf): E4^/f e ES'=+r(‘)(Z„) for any Z e CS« . 

Consider the following strictly full subcategories of E(M) 

pE^"(M) := {K G E(M); (Epf) holds for any k G Z^o}, 

pE>"(M) := {K G E(M); (Epf) holds for any k G Z^o}- 

Note that (pE'^'^(M), pE^'^(M))^^jj^ is not a t-structures if dimM > 0. 
However, we write 

/«(M):=|J 4:'(M) := pE*(M) n pE>gM), etc. 

c'<c 

Remark 3.2.2. 

(i) Conditions (Epf) and (Epf) can be rewritten using the equiva¬ 
lences 

Eff^^)^iLGE^‘=((M\Z)oo) ^ 7^-^kM\z^KeE^%M), 

Eiz^K G E^'^(Zoo) RXhom (vr-^k^, FT) G E^=(M), 

which follow from Lemma 2.7.8. 

(ii) One has 

e E«((M \ ZU) ^ A- 6 E*((M \ Z')») 

for any Z, Z' G CSm such that Z C Z'. 

Similarly, 

e4„a e E>gz..„) ^ e4^a' 6 e>‘’(z;„) 
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for any Z G CSm and any locally closed snbanalytic subset Z' of Z. 
Indeed, one has 

° ^~{M\ZU ° 

and Ej“^ is exact and Ej'' is left exact for the standard t-structure. 
Here, j : (M \ Z')oo {M \ Z)ao and j' : Z'^ — )■ Z^o are the canon¬ 
ical morphisms. 

The following lemma is obvious. 

Lemma 3.2.3. For any c G M, one has 

E^c+p(dM)(IV|) CpE^"(M) C E'^"+P(°)(M), 

E^'=+p(o)('M) CpE^'=(M) C 

Note that the following lemma is a particular case of Proposition 3.3.21 
below. 


Lemma 3.2.4. For any c G M and any Z G LCSm, one has 

Ei2-‘(pE®(M)) c ,.E®(Ze„), 
E<z„(,E^“(M)) C ,.E*'(Zoo). 
E!z„.(pE>-(Z^)) c ,ES'(M), 
Eiz„„(,.E®(Z„)) c ,.E®(M). 


Proof. Since the proofs are similar, let us only discuss the third inclusion. 
Let K G pE>"(Zoo). For W G CS^^ consider the Cartesian diagram of 
bordered spaces 

(z n iE)oo — lEoo 

i *Woo 

^00 > M. 


Noticing that Z fl IE G CS|^ and that is left exact by Proposi¬ 
tion 2.7.3, one has 




,K ~ Fi'^Fi'K 

G E<(E>"+p(^)((zniE)oo)) 
C E^"+^’(^)(IEoo). 


□ 


Lemma 3.2.5. For any c G M and K G E(M), the following conditions 
are equivalent: 


(i) K G pE>'^(M), 

(ii) Fig^K G E^'^+^‘^^^(S'oo) for any k G Zj.o and any S G LCS^^, 






ENHANCED PERVERSITIES 


35 


(iii) Yji'g^K G for any k G o.'^d o,i^y smooth S G 

T 

(iv) for any k G Z^q any Z G CS^^, there exists an open subana- 

lytic subset Zq of Z^ such that dim(Z \ Zq) < k and G 

E>'=+pW((Zo)oo), 

(v) for any k G Z^q Ojf^d any S G LCS^^, there exists an open suhan- 

alytic subset Sq of S^o such that dim(S' \ S'o) < k and G 

E>c+p(A:)((^0)oo). 

Proof. The implications in the following diagram are clear 



Here the less trivial implication (i)^(ii) follows from Remark 3.2.2 (ii). 

It remains to show that (iv) (i). That is, we have to show that for 
any Z G one has 

(3.2.1) RIhom{7i-^kz,K) G E>"+p('')(M). 

We shall prove it by induction on /c G Z^o- When k = 0, (3.2.1) is true, 
because Zq in (iv) coincides with Z. Assume that k > 0. Let Zq G Z he 
an open subanalytic subset as in (iv), so that 

RXhom(7r-^k2„,A:) G . 

Since Z\Zoe the induction hypothesis implies 

RXhom {7i-^kz\Zo,K) G E^"+P('=-^)(M) C 

Then (3.2.1) follows from the distinguished triangle 

RXhom {Ti~^kz\Zo, K) —)■ KXhom (7r“^k^, K) 

—)■ RX/iom (vr'^k^Q, iL) > . 

□ 

Proposition 3.2.6. For any c, c' G M, one has: 

Xhom^(pE'S"(M),pE^"'(M)) C D^"'-"(M), 

?fom^(pE^=(M),pE^'^'(M)) C D^'='-'=(k^). 

In particular, Homg^|y^(pE'^'^(M), pE^'^'(M)) = 0 if c' > c. 

Proof, (i) Let K G pE^'^(M) and K' G pE^"^'(M). Reasoning by decreasing 
induction on fc G Z^_i, let us show that 

(i)fc there exists Z^ G such that 

RXhom{kM\z„d:hom^{K, K')) G D^"'-"(M). 
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The above statement is obvious for k ^ (Im- Assuming that (i)^ holds 
true for fc ^ 0, let us prove (i)A:-i- Since K' G (M), one has 

RIhom{7r-^kz„K’) e 

Moreover, since K G pE'^'^(M), there exists hl4_i G with 

Then 

RXhom {kz^\Wk-i > ^hom^{K, K')) 

~ RXhom {kM\Wk-i ® ^Zk-,'^hom^{K, K')) 

~ Xhorn^{'K~^'kM\Wk-i ® ^ 1 -hom (7r“^k^^, A'')) 

G Xhorn^ (M), (M)) 

C D^"'-"(M), 

where the last inclusion follows from Proposition 2.6.8. 

Considering the distinguished triangle 

RXhom (kz^\Wk-i,^hom^{K, K')) 

-> RXhom {kM\(ZknWk-i), l-horn^ {K, K')) 

—)■ RXhom (kM\Zfe,Thom^(iC, iP')) > , 

we deduce (i)A:-i for Zk_i = M4-i- 

(ii) The second inclusion follows from the first since T-Lom^ ~ au Xhom^. 

(iii) The last assertion follows from (2.6.3). □ 

Lemma 3.2.7. For any c,c' G M, one has: 

Xhom^(E^"(M),pE^"'(M)) C 

and in particular, 

Xhom^(k2,pE^"(M)) C ^’D>"(M). 

Proof. Let k G Z^o, ^ e CS^^ K G E^"(M) and K' G pE^"'(M). One 
has 

RXhom {kz,dlihom^{K, K')) ~ Xhom^{K, RXhom (vr'^k^, K')) 

G Xhom^(E^"(M), E^"'+^’(^)(M)) 

where the last inclusion follows from Proposition 2.6.8. □ 

Remark 3.2.8. For c, c' G M, the inclusion 
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does not hold in general. For example, with notations as in Remark 3.1.7, 
let M = M, R: = and K' = ® Then K e E°(M), K' e 

i/ 2 E^V 2 (m) and 

Hom^{K,K') ~ aMF i 

Here, 1 / 2 E := mE and := '^D for m(?7,) := —n/2 the middle perversity. 

Proposition 3.2.9. For c G M one has 

(,E«(M))-" = ,ES'(M), 

Proof. One has pE^‘^(M) C (pE<‘^(M))''' by Proposition 3.2.6. 

Let K G (pE<‘^(M))‘'‘. We have to show that for any Z G one 

has 

Since (Zoo) = , this is equivalent to show that 

for any L G E^'^^p^^\Zoo) one has 

~ 0 . 

By Lemma 3.2.3, one has E‘^^~^p^’^\Zoo) C pE‘^‘^{Zoo). Then Lemma 3.2.4 
implies Eiz^wL G pE‘^‘^(M), so that 

Homj5(^^)(L,E4^F) ~ Homp.(^)(E72^!!L, RT) ~ 0. 

□ 

Proposition 3.2.10. Let M he a suhanalytic space. For any interval 
/ C M such that I —)■ M/Z is injective, the prestack on M 

U pE'((7) 

is a stack. 

Proof, (i) Let K,L E pE^(M). By Proposition 3.2.6, one has 
nom^{K,L) G E)>-\M) = D^°(M). 

Hence the presheaf 

U ^ Hom^Eqc)(E%^^, Ei^R) ~ R(f/; H\nom^{K, L))) 

is a sheaf. Thus U 1 —)■ pE\U) is a separated prestack on M. 

(ii) Let M = IJaeA t)e an open cover. Let Ka G pE^(7/a) and let 
Uab- Kifu^nUt, ^ Ka\uanUb be isomorphisms such that Uab o Ubc = Uac 
on Ua C) Ub O Uc {a,b,c G A). We have to show that there exist K G 
pE'^(M) and isomorphisms Ua'. K\u^ g^^h that Uah o Ub = Ua on 

Ua n Ub (a, b & A). This follows from Proposition 2.4.8 by applying it to 
Rjaii L^ R^a G E{Ua X M) , where ja ■ Ua x Moo —>■ t/a X M is the canonical 
morphism. □ 
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Lemma 3.2.11. Let M be a bordered space. Let c G M, Z G CSm and 

o 

K G E(M). Set U = M \ Z . Then, considering the morphisms 

^OO M ^ [/oo, 

one has: 

(i) K G if and only if 

G pE^^(Zo,) and Ej-'i^ G 

(ii) K G pE^'^(M) if and only if 

Et'K G and Ej'K G 

Proof. Since the proofs are similar, let us only discuss (i). 

If -ff G pE^'^(M), then Ei~^K and Ej~^K satisfy the required condi¬ 
tions since the functors Ei~^ and Ej“^ are right exact by Lemma 3.2.4. 

Conversely, assume that Ei~^K G pE^'^(Zoo) and Ej~^K G pE^‘^(f/oo). 
For k G Zj,o, let Su G CS^^ be such that 

7:-^Eu\Su®^r^K G 

and Sz G CS^^ be such that 

vr-'kz\s, G 

Set ^ U G CS<^ and U (Z n ;^) G CS<^. (Here the 

closure of Su is taken in M.) Then S HU = Su and S H Z = S'^. Since 

Ti-^Eu\Su®Ke E^'=+P('=)(M), ti-^Ez\s'^ ®Ke E^'=+?'W(M), 

one concludes that ®Ke E^'^'''^(^^(M) by considering the dis¬ 

tinguished triangle 

7r"^k;7\5^ ®K ^ n~^kM\s ®K^ ®K —^ . 

□ 

V 

A subanalytic stratification {Ma}aeA of M := (M, M) is a locally hnite 

V 

(in M) family of smooth Mq, G LCSm such that M = UaGA and 
Ma n My 7 ^ 0 implies Ma D My. 

Proposition 3.2.12. Let {Ma\a&A be a subanalytic stratification ofM, 
and set Mq, = {Ma)oo- Let K G E(M). 

(i) K G pE^'^(M) if and only ifEif^^K G pE^'^(Mq,) for any a G A, 

(ii) K G pE^'^(M) if and only ifEi'^^K G pE^‘^(Mq,) for any a G A. 

Proof. The statement follows from Lemma 3.2.11. □ 
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3.3. R-constructible enhanced ind-sheaves. Here, we extend the 
definition of R-constructible enhanced ind-sheaves from [4, §4.9] to the 
case of subanalytic bordered spaces. 

V 

Let M = (M, M) be a subanalytic bordered space. 

Definition 3.3.1. (i) An object K G E(M) is M.-constructible if for 

any relatively compact subanalytic open subset of M, one has 

5 Qu^F in E{U^) for some F G D^_,(kc/^xRoo)- 
In particular, K is stable. 

(ii) Er_c(M) is the strictly full subcategory of E(M) whose objects are 
R-constructible. 

V 

Recall the morphism ju'- M —)• M. 

Lemma 3.3.2. Let K G E(M). Then K G Er_c(M) if and only if 

EjmwK G Er_c(M). 

Proposition 3.3.3 ([4]). Let f: M —)■ N a morphism of subanalytic bor¬ 
dered spaces. 

(i) Er_c(M) is a triangulated subcategory o/E(M). 

(ii) The duality functor gives an equivalence Er_c(M)°p Er_c(M), 

and there is a canonical isomorphism of functors idER_^(M) o 

t^E 

J-'m- 

(iii) The functors Ef~^ andEf' send Er_c(N) to Er_c(M), and 

D^oE/-i~E/'oD^ and o E/'~ E/"'o D^. 

(iv) Assume that f is semi-proper. Then the functors E/^ and E/n send 
Er_c(M) to Er_c(N), and 

o E/, ~ E/n o and o E/,, ~ E/, o D^. 

See [4, Corollary 4.9.4, Theorem 4.9.12, Propositions 4.9.14, 4.8.2]. 
Definition 3.3.4. (i) An E-type on M is the datum 

(3.3.1) £ = {(fia, ma, 'ifhy nifjadA, beB 

consisting of 

(a) finite sets A, R, 

(b) integers ma and for any a E A and b E B, 

(c) morphisms of subanalytic bordered spaces 

M Roo 

for any a E A and b E B, such that for any 

X E M. 
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(ii) An E-type C as in (3.3.1) is called stable if for any b E B 
(3.3.2) {(a;,^) G M x M; f fl (M x {-|-cxo}) ^ 0, 

where * denotes the closure in M x M. 

Notation 3.3.5. For an E-type £ on M as in (3.3.1), set 
:= {(a;,f) G M x R; f ^ £a(a:)}, 

■^b ■= {{x,t) E M xR; < ^/’b^(a;)}, 

and 

k? := (0aeAk$J-"^a]) e (©^g^k^J-rift]) G E(M), 
ki := (©„g^k|J-m,]) © (©,g^k|J-nfe]) 

~ k^ ©k^ G E]r-c(M). 

Note that k^^ 9 ^ 0 if and only if (3.3.2) holds true. 

Definition 3.3.6. One says that K G E(M) is free (resp. stably free) on 

o 

M if, for any connected component S' of M, there exists an E-type C on Soo 
such that Fjig^K ~ k^ (resp. ~ k^). (Note that Ei^^ ~ Eig^.) 

If K G E(M) is stably free, then it is R-constructible. If K is free, then 
it is constructible in the sense of Remark 3.5.12 below. 

A regular filtration {Mk)k& of M is an increasing sequence of closed 

o 

subanalytic subsets of M such that = 0 for /c ^ — 1, = M for 

k ^ d^, and \ M^-i is smooth of dimension k. In particular, 

0 = M_i C Mo C ■ ■ ■ C Md^_i C Md^ = M. 

Lemma 3.3.7 ([4, Lemma 4.9.9]). For any K E E]r_c(M) there ex¬ 
ists a regular filtration {Mk)k& 0 /M such that both K and 

are stably free. 

Definition 3.3.8. Consider an E-type on M 

iSPai'Oriai'fpb y^b)a£A, b£Bi 

and assume that M is smooth of dimension d. The dual of £, denoted by 
r = (v?:,m:,V'±*,<)„,^, 
is the E-type on M defined by 

F*a ■= -Fa, ml := -nia - d, 

'ipb*-=-'4’b^ nl:=-nb-d-l. 

Accordingly, we set 

:={(x,t) G M X R; f ^ -(p„(a:)}, 

'^*b-={ix,t) G M X R; -fj^ix) ^t < -V’fe“(a;)}. 
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Lemma 3.3.9. Let C be an Fj-type on M. Assume that M is smooth and 
equidimensional. Then 

~ k^* and D^k^ ~ k^, . 

Proof. This follows from Lemma 3.3.10 below. □ 

Lemma 3.3.10. Recall Notation 3.3.5 and Definition 3.3.8. If M is 
smooth of dimension d, one has 


DS(kSj ^ 

kgjd], 

DS(k|j 

-k|*[d]. 

DS(k2.) ^ 

k^* [d+ 1], 

b 


~ k|* [d + 1] 

By Lemma 2. 

,8.3, one has 



DS(k?.) 


- k^.[d]. 


D2(k?J 

~ k^ Id -1- 11 = 

C)}'- ^ 

k^* [d -|- 1]. 

b 


The other statements also follow from Lemma 2.8.3. □ 

Definition 3.3.11. For p a perversity and c G M, we set 
^E|:(M) :=^E^'=(M)nEM_c(M), 

^E^:(M) :=^E^'^(M)nEM-c(M). 

Proposition 3.3.12. The following properties hold. 

(i) IS a t-structure on Er.c(M). 

(ii) Assume that M = M is a subanalytic space. For any interval 
/ C M such that I —)■ M/Z is injective, the prestack on M 

U ^ 

is a stack of quasi-abelian categories. 

Plan of the proof, (i) We have to prove that the conditions in Defini¬ 
tion 1.2.2 are satished. Conditions (a) and (b) are clear. Condition 
(c) follows from Proposition 3.2.6. Condition (d) is checked in Proposi¬ 
tion 3.3.19 below. 

(ii) follows from Proposition 3.2.10. □ 

Notation 3.3.13. We denote by 

(i/2E£(M), 

the t-structure associated with the middle perversity m(n) = —n/2. 

Remark 3.3.14. The t-structures (pE^_').(M), are not well 

behaved with respect to duality, as one observes in Lemma 3.3.15 below. 
We will come back to this point in §3.5. 

Lemma 3.3.15. Assume that M is smooth of dimension d. Using Nota¬ 
tion 3.3.5, one has 
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(i) k|„,k|. e,Ejf>(M). 

(ii) DSk|, e ,.e£>(M) and D^kl, e ,.e£>-‘(M), 

Proof, (i) As the proofs are similar, let us only discuss k|^. 

(i-1) It is straightforward that k|^ e 

(i-2) Let us show that k|^ G We have to prove that for 

any smooth Z E LCS^^ one has 

Ei],„(k|J € ES-»(<i)+i.l'=)(z„). 

We may assume that k < d. Note that 


E4.e(kiJ - kM ® QM(4(kp^v’a(x)})) 

— k|vi Z) Qm(*2 0^{t^<Paix)}) ®*zkjvr)- 
Locally on Z, one has ifkM — kzlk — d]. Hence 

Ezl^(k|J e 

by Lemmas 2.6.5 and 2.8.2. One concludes since d — k ^ —p{d) + p{k) 
by perversity. 

(ii) Using Lemma 3.3.10 and (i), one has 

D^kl. ^ k|.|ci] e ,.E-»;'-'>-''(M) = ,.e£'(M), 

DSk|. ~ k|.[<i+ 1 ] € ,.E,'’;'''>-‘‘-'(M) = ,.e£’“‘(M). 

□ 


Lemma 3.3.16. Assume that M is non empty and smooth of dimension 
d. For 

iSPat 'fl) 1 ^b}a(^A, baB 
a stable E-type on M, and c G M, one has 

(i) kj^ G pE|(),(M) if and only if for any a E A and b E B 

^ c + p{d), rif, ^ c + p(d), 

(ii) kj^ G pE|(),(M) if and only if for any a E A and b E B 

ma^c + p{d), nb^c + p{d), 

(iii) Dj^k^ G p.E|_“'^(M) if and only if for any a E A and b E B 

rria ^ c + p{d), nb^c + p{d)-l, 

(iv) Dj^k^ G p»E|_“'^(M) if and only if for any a E A and b E B 

ma^c + p{d), nb^c + p{d)-l. 
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Proof. Since 

= (0kij-ma]) © (0 k| J-nb]), 

aeA beB 

the statement follows from Lemma 3.3.15. Note that a non-zero object 
of pE‘^(M) belongs to pE^^'(M) (resp. pE^^'(M)) if and only if c ^ c' (resp. 
c ^ c') by Proposition 3.2.6. □ 

Corollary 3.3.17. Assume that M is smooth of dimension d. Let K G 
Ek_c(M) he a stably free object. Then, for c G M, one has 

(i) K e pE|i(M) if and only if K e E<©‘"(M), 

(ii) K e ,E£(M) if and only if K e Efy“(M). 

Lemma 3.3.18. Let c G M and K G Ek_c(M). Assume that M is smooth 
and K is stably free on M. Then there are distinguished triangles in 

Er-c(M) 

^ and K ^ 

with Kl G pE^ ,,(M) for L equal to ^ c, > c, < c or ^ c. 

Proof. It is obvious since iP is a direct sum of objects belonging to 
pE^_^(M) for some a G M by Lemma 3.3.15. □ 

Proposition 3.3.19. Let c G M and K G Er_c(M). Then there are 
distinguished triangles in E]r_c(M) 

^ Kyc and K ^ 

with Kl G pE^_^(M) for L equal to ^ c, > c, < c or ^ c. 

Proof. Since the proof of the existence of the second distinguished trian¬ 
gle follows from the first one, we will construct only the hrst distinguished 
triangle. The arguments we use are standard (see e.g. [10, Lemma 5.8]). 

V 

Let M = (M, M). Reasoning by decreasing induction on fc G let 

us show that 

(dt)fc there exists Zk G CS^^ and a distinguished triangle 
K ^ EjvT- ^ K" -iu, 

with A'i 6 ,E|.y(Af \ Zy)^) and K'f € ,E£((M \ ZyU). 

Here, jk is the morphism indicated in the diagram below, where we pic¬ 
ture all the morphisms that will be used in the proof. 




(•^fc \ ^k—l}oo 


(M \ Zi_i)oo 


(M \ Zjfjoo 
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The statement (dt)^ is obvious for k ^ (Im- Assuming that (dt)fe holds 
true for some /c ^ 0, let us prove (dt)fc_i. 

The morphism K'j^ —)■ ~ induces by adjunction a mor¬ 

phism 'EjjkwK'j^ —)■ K, that we complete in a distinguished triangle in 

Er-c(M) 

E]k\\K’^ . 

Let Zk-i e be such that Zk \ Zk-i is smooth and is stably 

free. By Lemma 3.3.18, there is a distinguished triangle 

(3.3.3) L' Ei[L L” 

with V G pE|_^^((Zfc \ Zfc_i)oo) and L” G pE>‘),((Zfc \ Zk-i)oo)- 

The morphism L' —)■ Ez|,L ~ Ei'jEj|,_^L induces by adjunction a mor¬ 
phism Ei'^nL' —)■ ~ that we complete in a distinguished 

triangle in Er_c((M \ Z 

k—l)oo) 

(3.3.4) E4,,L' ^ EjZUL ^ At_, ^ . 

Consider the composite morphism —)• —)■ and 

complete it in a distinguished triangle in Er_c((M \ Zk-i)oo) 

K-i ^ ^ K''_, . 

We claim that this satisfy (dt)fc_i. 

Note that 


Eir'ALi - EjjU K'i e 43^.'((Af \ Z,U), 

Ejr'A'Li ^ A1 € ,E£((A/ \ Z,)^). 

Hence, by Lemma 3.2.11, we are reduced to prove 

(3.3.6) E4-‘Ai_i 6 ,E* ((Zt \ Zt-i)oo), 

(3.3.6) KpiXi e ,E>J((Zi \ Z,.,U). 

Applying the functor Ei'jl to (3.3.4), we get a distinguished triangle 
L' ^ EilL ^ Ei'-K'^_^ . 

Thus (3.3.3) gives Ei'^K'^_^ ~ L” G pE^%{{Zk\ Zk-i)oo), which proves 

(3.3.6) . 
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By the octahedral axiom, there is a diagram in E((M \ Zk-i)oo) 


K-i 



and hence a distinguished triangle 

K-i ^ . 

Applying the functor we get 

pE|f,((Z, \ Z,_0oo), 

which proves (3.3.5). □ 

Definition 3.3.20. For p: —)■ K a perversity and d G the 

shifted perversity p[d] is given by 

p[d]{n) = p{d + n). 

Note that the soft dimension of a subanalytic space is equal to its 
dimension. 

Proposition 3.3.21. Let / : M —)■ N 6 e a morphism of subanalytic bor- 

o o 

dered spaces, and d G Z 5 . 0 . Assume that dim/“^(?/) ^ d for any y G N. 
Then, for any c G M one has 
(i) E/-‘(,[.flE*(N)) 

(E) E/'(,hE>“(N)) C,.ES-‘-'(M), 

(iii) E/.(,ES'(M)) C,|^E^'(N), 

(iv) Ek.c(N) nE/,,(^®(M)) c ,„E®+''(N), 

Proof. Let M = (M, M) and N = (N, N). 

(i) Let L G pj^jE^‘^(N). We have to prove that, for any k G Z^q; there 
exists Z G such that Eif^^^^^Ef-^L G E^"+p(^)((M \ Let 

W G be such that Eif^^^^^L G E^'^+p(^^((N \ W)^). Note 

that if 0 ^ A; < d, then W = 0 will do because L G C 

E^'=+^’(^)(N). 

Then Z := f~^{W) G satishes the desired condition. Indeed, 

denoting /q: (M \ Z)oo {N \ W)oo the morphism induced by /|m\z, 
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one has 

— E/o ^\n\W)oo^ 

^E^'=+pW((M\Z)oo), 

where the last inclusion follows from Proposition 2.7.3. 

(ii) Let L G pj^E^'^(N). We have to show that for any Z G there 

exists an open subanalytic subset Zq of Z^o such that dim(Z \ Zq) < k 
and 

(3.3.7) e E>“+!'I‘>-‘‘((Z„)„). 

Recall Notation 2.3.1. Replacing M with T f, we may assume that / 

V V V 

extends to a morphism of subanalytic spaces /: M —)■ iV. 

V 

Since (3.3.7) is local on M, we may assume that Z is relatively compact 

V 

in M. Then, there exists an open subanalytic subset Zq of Z satisfying 
the following properties: 

(a) dim(Z \ Zq) < k, 

(b) Zq = y Si, where {S'ijie/ is a family of subanalytic smooth subsets 

iei 

of dimension k, 

(c) Ti := f{Si) is a smooth equidimensional subset of N for any i E I, 

(d) / induces a submersive morphism /*: (S'j)oo —^ (Ej)oo for any i E I. 

We claim that Zq satisfies (3.3.7). In fact, for any i E I, one has 

eEfl E^'=+^’("^*+'')((T,)^). 

Since fi is submersive, we have E/- ~ or 5 ./Ti < 8 E/“^[(i 5 . — where 
or^^Ti is the relative orientation sheaf (see § 1.5). Hence we have 

Efl E^"+^’('^^»+'^)((T0oo) C ((^.)^) 

cE>'=+P(''«.)-''((^,)oo). 

Here, the last inclusion follows from dr^+d ^ d^. and p(dT'i + d)+dri + d ^ 
p(dsj + dsi by perversity. 

Thus we obtain Ei'^g.^^Ef'L E E^'^+^’*^^)“'^((S'j)oo) for any i E I, which 
implies (3.3.7). 

(iii) and (iv) follow from (i) and (ii) by adjunction using Proposition 3.2.9 

and Proposition 3.3.12 (i), respectively. □ 

Remark 3.3.22. Concerning (iv) above, the inclusion 

E/,,(„E*(M))c,[„E*+‘‘(N) 
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does not hold in general, since pE^'^(M) is not stable by “0”. For ex¬ 
ample, let M = M \ {0}, N = M. and let /: M —)■ iV be the inclusion 
map. Let Xn = l/n and set ® kp^o} e Mod(kMxRoo)- 

Let K = Qm(©„^i Fn) e E(M). Then K e but E/niL ~ 

Qn(“0” /Kii-^n) e E(A^) does not belong to Here /k := / x 

n^l ' 

idRi M X M —)■ X M. Indeed, there is no Z G CS^^(A^) such that 

Ei^\^)^E/niL G E^“^/2((A^\ Z)oo), i.e. such that Ei^^^^^E/niL ~ 0. 

3.4. Dual intermediate enhanced perversity. Let p be a perver¬ 
sity and let M be a subanalytic bordered space. Since the t-structure 

is not well behaved with respect to duality, we 
consider also its dual t-structure. 

Notation 3.4.1. For c G M, set 

;e|:(M) := {K G Er.,(M); D^K G ,*E>r(M)}, 

;e|:(M) := {K G Er.,(M); B^K G ,*Ei7(M)}. 

The following result is a consequence of Proposition 3.3.12. 
Proposition 3.4.2. (pE|f^(M), is a t-structure onE r_c(M). 

Note that, by the dehnition, for any c G M the duality functor Dj^ in¬ 
terchanges pE^feC^) and p*'E^_7(M), as well as pE^_^c(M) and p*'E^_7(M). 

Lemma 3.4.3. Let M be a bordered space. Let c G M, Z G CSm, and 

o 

K G Er.c(M). SetU =M\Z. Then, considering the morphisms 

^oo — M ^ f/oo, 

one has: 

(i) K € pEgJM) if and only if 

Ei-U< € and Ej-'K € ;E®,(f/„), 

(ii) K € pEj_yM) if and only if 

Ei’K € ;EifJZ„) and Ej'K € ;Eil(U.„). 

Proof. The statement follows from Lemma 3.2.11, noticing that 
D|^Ez-'iL ^ Ez'D^iP, B^^Ej-^K ^ Ej’D^iL, 

Df^Ez’iL ^ Et-^B^K, Bf^^Ej'K ^ Ej-^B^K, 
which is a consequence of Proposition 3.3.3. □ 

Lemma 3.4.4. For any c G M one has: 

;e^?,(m) c ^e^:(m) c ;Eif:\M), 
pE^-c(M) c ;e|:(M) c ,E^r'(M). 
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Proof. Let K G E(M). By Lemma 3.3.7, there exists a regular filtration 
(Mfc)fcez of M such that both and are 

stably free. In order to check the inclusions in the statement, by Lem¬ 
mas 3.2.11 and 3.4.3, we may assume that M is smooth equidimensional, 
and that K is stably free. Then one concludes using Lemma 3.3.16. □ 

Proposition 3.4.5. Let /: M —)■ N be a morphism of subanalytic bor- 

o 

dered spaces, and d G Zj>o. Assume that dim f~^{y) ^ d for any ?/ G N. 
Then, for any c G M one has 

(i) Er'(,[4E* (N)) c (M). 

(ii) E/'(,[4 e£(NI)) c ;Eir‘'(M), 

(iii) E,.,(N) nE/.(;E|^(M)) c ,|4 e£(N), 

(iv) ER_e(N)nE/„(;E*(M)) c^|4E®y(N). 

Proof, (i) Let K 6 p|4E£(''l). ‘Eat is, DgA' e ,|j|.Eg.7(M). Since 

p[d]*{n) = p*[d]{n) + d, Proposition 3.3.21 implies 

D^E/-iiL^E/'D^iLG,*E|r(M). 

Hence 

G ;e^:(m). 

(ii) is proved similarly. 

(iii) and (iv) follows from (i) and (ii) by adjunction. □ 

3.5. Enhanced perversity. Let p be a perversity and M a subanalytic 
bordered space. 

Definition 3.5.1. For c G M, consider the strictly full subcategories of 
Er_c(M) given by 

'E£(M) := n ;e*+E 2 (m) 

= {K 6 E,_e(M); K € ,E* (M), DSA 6 ,.Eiy-'''"(M)}, 
■’e£(m) := n ;Ei.yM) 

= {AeE,_4M);DSA'€''E«7(M)} 

= {K e E,.,(M); A € ,Ejr‘'"(M), DgA e ,.E|.7(M)}, 

By Lemma 3.4.4 one has 

J „ ;E® (M) c '’E£(M) c ,E* (M) and 

,E|.yM) c ’’EjyM) c ;Eii(M). 

In the rest of this section, we will give a proof of the following result. 

Theorem 3.5.2. Let M be a subanalytic bordered space. 

(i) IS a t-structure on Er_c(M). 
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(ii) For any c G M, the duality functor interchanges and 

(iii) Assume that M = M is a subanalytic space. For any interval 
/ C M such that I —)■ M/Z is injective, the prestack on M 

U ^ 

is a stack of quasi-abelian categories. 

Plan of the proof, (i) As in the proof of Proposition 3.3.12, the statement 
follows from Propositions 3.5.4 and 3.5.5 below. 

(ii) is clear from the definitions. 

(iii) has a proof analogous to that of Proposition 3.2.10. □ 

o 

Lemma 3.5.3. Assume that M is non empty and smooth of dimension 
d. For c G M and C a stable F-type on M as in (3.3.1), one has 

(i) G ^E^((,(M) if and only if for any a ^ A and b & B 

ma^cP p{d), Uh^cF p{d) - 1/2, 

(ii) G ^Eg/,(M) if and only if for any a & A and b & B 

rria^ c + p{d), c + p{d) — 1/2. 

Proof. The statement follows from Lemma 3.3.16. □ 

Proposition 3.5.4. The bifunctors Xhorn^ and FLomf" are left exact, 
i.e., for any c, c' G M one has: 

(M)/e£(M)) c D»''-'(k.). 

In particular, (’’E£(M),= 0 j/c < c". 

Proof. The second inclusion follows from the first one, since FLomP ~ 
auIhomF. Let us prove the first inclusion. 

Let K G ^E^‘/(M) and K' G ^E^/.(M). As in the proof of Proposi¬ 
tion 3.2.6, reasoning by decreasing induction on A; G let us show 

that 

(i)fc there exists G such that 

RXhom{FM\Zp,i1hom^{K,K')) G D^"'-"(M). 

The above statement is obvious for k ^ Assuming that (i)^ holds 
true for some k, let us prove (i)fc-i. There exists Zk-i G CS^ such 
that Zi^_i C Zk, Zk \ Zk-i is smooth of dimension k, and K 
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and stably free. Consider the distinguished triangle 

Rlhom , Xhom^ (iC, K')) 

—)■ RXhom (kM\Zfc_i, K')) 

—)■ RXhom (kM\Zfc,Xhom^(i^, i^')) > . 

Then (i)fc-i will follow if we show that 

RXhom{\^Zu\z^_,,Xhom^{K,K')) e 

This is equivalent to 

is^Xhom^{K,K') e D^"'-"(5oo) 

for any connected component S' of \ Zk-i. One has 

i's^Xhom^iK, K') ~ Xhom^{RrslK, Rig^K'). 

By the assumption, ~ kJI and ~ k^, for some stable 

E-types 

X ((pa, ?7l(x, t/’b ^^b}aGA, bGB and X {}Pa'i'^a'i '> ^b'')a'^A', b'&B'- 

Then we are reduced to prove 
(3.5.2) Xhom^(k^,k|,) G D^"'-"(Soo). 

Recall that 

= (0k|J-"ia]) e (0k|J-nb]) e ^E^_';,(Soo), 

aeA beB 

kl' = (0 k|^,[-m„']) e (0 k|^,[-nb/]) G ^E|"^(Soo). 

a'eA' b'GB' 

By Lemma 3.5.3 and Proposition 2.6.8, one has 
Xhom^ (k|^ [-rib ], k^^, [-rib ']) 

C D^^'-^(Soo). 

Similarly, one has 

X/mm^(k|J-ma],k|^,[-nb/]) G D^'''“''"^/^(Soo), 
X/mm^(k|J-nb],k|^,[-ma/]) G D^'''“''+^/^(Soo), 
X/mm^(k|J-ma],k|^,[-ma/]) G D^'''“''(Soo). 

Hence (3.5.2) reduces to show that for any a G H and h' G B' 
iL”'Xhom^(k|J-ma],k^^, [-Ufe/]) ~ 0 
for any m G Z such that c' — c—l/2^m<c' — c. Since we have 
iL”'Xhom^(k|J-ma],k|^,[-nb']) ~ iL™+”'“"”*>'Xhom^(k|^, k^^J, 
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we may assume that m + ma — ny ^ 0. Since rua ^ c + p{k) and 
ny ^ c' + p{k) — 1/2, one has m + rria — ny — c' + c+ l/2 < 1/2. 
Then, we have m + rria — ny =0. 

Let TT: Soo X Roo —t Soo and vf: S^o x R —)■ S^o be the projections. Then 
one concludes by noticing that 

iL”"Xhom^(k|j-ma], k|^, [-ny]) 

~ (k|^,k^J ~ i70Xhom^(k«^,k|j 

~ H^Rn^RIhom kp»o} S k{p-(,;)^t<^+(^)}) 

~ Lr°R7f,,RX/mm(kp^^4,,)}, “Ih^” 

S -^- 1-00 

~XnXhom(kp^^^(,,)}, “Im^” 

s —)’H-oo 

“Ih^” 

^ ' s —)’-|-oo 

~ “Ih^” ~ 0, 

S —)’-l-CXD 

where (*) holds because Tfn and X/iom (kpj.<^^(j,)}, •) commute with in¬ 
ductive limits. □ 

Proposition 3.5.5. For any c G R and K G Er_c(M) there are distin¬ 
guished triangles in E]r_c(M) 

iL>e 

with Kl G ^E]^_j,(M) for L equal to ^ c, > c, < c or ^ c. 

Proof. Since the proofs are similar, we will construct only the first dis¬ 
tinguished triangle. 

As in the proof of Proposition 3.3.19, one reduces to the case where M 
is smooth and connected, and K is stably free. Then iP is a direct sum 
of objects in ^E^_^(M) for some a G R by Lemma 3.5.3. □ 

As a corollary of Propositions 3.3.21 and 3.4.5, one has 

Proposition 3.5.6. Let /: M —)■ N be a morphism of subanalytic bor- 

o o 

dered spaces, and d G Xj.o. Assume that dim f~^{y) ^ d for any ?/ G N. 
Then, for any c G R one has 

(i) EZ-'CMe* (N)) c TSlVM), 

(ii) e/'(‘’Me»:^(ni)) c 'Ef;‘'(M), 

(iii) E..,(N)nE/.('>Ef,(M)) c'^El^JN), 

(iv) E..,(N) nE/,,(»E* (M)) c '''"Ie£+''(N), 

Proof, (i) and (ii) follow from Propositions 3.3.21 and 3.4.5, and (iii) and 
(iv) follow from them by adjunction. □ 
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Proposition 3.5.7. Let M he a subanalytic bordered space. The embed¬ 
ding 

^ Er_c(M) 

induced by (2.8.2) is exact, i.e., for any c G M one has 

eCD* (k„)) c 'T5£(M), 

e(’’Di:(kM)) C ’T5£(M), 

Proof. It follows from the exactness of e with respect to the standard 
t-strnctures and 

® e{F) ~ e(k 5 ® F), 

KThom (7r“^k5, e(F)) ~ efRThom (k^, F)) 
for any F G D'’(kM) and S G LCS(M), by [4, Corollary 4.7.11]. □ 

Definition 3.5.8. The enhanced middle perversity t-structure 

is the one associated with the middle perversity m(?7,) = —n/2. It is a 
self-dual t-structure indexed by 

Example 3.5.9. Let M = {pt}. Note that one has: 

(i) ~ 0 for a, 6 G M with a <h, 

(ii) for a G M, 

(hi) D^k^ ~ k® . 

Hence k^ G ,,({pt}), and any object of ER_c({pt}) is a finite direct 
sum of shifts of copies of kj^. 

Example 3.5.10. Let M = M = M and let 

^ — ■'^{a;>0, 0:£t<l/x}u{a:=0, tSsO}) 

SO that 

~ k^^>g_ _l/j;s;t<0}[2]- 

Noticing that 

Ei\^}K ~ ~ 0 , 

Et[,^DlK ^ ^ Dfojkfo} ^ kfgj, 

one has K G ^^2Er-c(^) ^rid D^iC G that K G ^^ 2 Eg(^(M). 

Hence K G 

Example 3.5.11. Let {Ma}a be a subanalytic stratification of M, and 
set Mq, := {Ma)oo- Let K G Er_c(M). Assume that Ei'^^^K and Ei'^^K 
are stably free. Recall Notation 3.3.5. Even if only direct summands 
containing appear in Ei~f/l^K, direct summands containing 4/;, can 
appear in as seen in this example. 
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Let M = X R>o with coordinates {x,y,z), consider the bordered 
space M ;= (M,x M), and set 

I ZX I 

S := < (x,y, z,t) E M X M. ; x ^ 0, y > 0, t ^ - > , 

I x + y) 

K;=k| e E(M). 

Set Z = {x = y = 0}(ZM. Then one has: 

^ 0, ^ D|^E4^iL ^ kf_,^,<o}[3]. 

We deduce that K E i/ 2 k'K(c(^) G Hence K E 

i/ 2 E£(M), so that 

K e ‘'T=2(M), 

Remark 3.5.12. Let M be a subanalytic space. The triangulated cate¬ 
gory of enhanced sheaves on M (cf. [19, 5]) is defined by 

E^Lm) := D4kMxR)/vr-'D4kM), 

where vr: M x M —)■ M is the projection. One similarly defines E^(kM), 
so that E'’(kM) — E[[.(kM) © E[l(kM)- Note that 

E^(kM) -{Ke E±(M); E^Ke D^kMxR^)}- 

We say that an object K E E'[(kM) is R-constructible if so is L^iL E 
D'^(kMxRoo)- Let p: Zj>o —)■ R be a perversity. Then, with obvious nota¬ 
tions, 

('E£(kM),’TS£(kM))„^, 

satisfies the analogue of Theorem 3.5.2. Moreover, a description analo¬ 
gous to that in Lemma 3.3.7 holds, replacing “stably free” with “free”. 

Remark 3.5.13. Let M be a subanalytic space. It is shown in [16] that 
T-Lom^ induces a functor 

Womyk|„,»): EiJM) ^ DL(k„). 

This is neither left nor right exact with respect to the middle perversity t- 
structures. Eor example, let M = R*^ and K = k^^g t=-i/\x\}- Then K E 

and F :='Hom^(k4, IL) ~ k{a,^o} by [16, Corollary 6.6.6.]. 
Hence, ~ Em and ~ k{o} when n ^ 3. Therefore, 

is not left exact. Since commutes with 

duality, "Hom^(k^g, *) is not right exact either. 
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4. Riemann-Hilbert correspondence 

On a complex manifold, the Riemann-Hilbert correspondence embeds 
the triangulated category of holonomic D-modules into that of M-constructible 
enhanced ind-sheaves. We prove here the exactness of the embedding, 
when the target category is endowed with the middle perversity t-structure. 

4.1. Subanalytic ind-sheaves. For subanalytic sheaves and ind-sheaves 
we refer to [13] (where subanalytic sheaves are called ind-M-constructible 
sheaves). 

Let M be a subanalytic space. An ind-sheaf on M is called subanalytic 
if it is isomorphic to a small filtrant ind-limit of M-constructible sheaves. 
Then, being subanalytic is a local property. 

Let us denote by Isuban(kM) the category of subanalytic ind-sheaves. 

Note that it is a strictly full subcategory of I(kA^) stable by kernels, 
cokernels and extensions. 

Let Op^^^ be the category of relatively compact subanalytic open sub¬ 
sets of M, whose morphisms are inclusions. 

Definition 4.1.1 (cf. [12, 13]). A subanalytic sheaf F is a functor Op^^^ —)■ 
Mod(k) which satisfies 

(i) F(0) = 0, 

(ii) For U,V E the sequence 

0 ^ F{U U V) ^ F{U) © F{y) ^ F{U n V) 

is exact. Here ri is given by the restriction maps and r 2 is given by 
the restriction F{U) — )■ F[Ur\V) and the opposite of the restriction 
F{V) ^F{Ur\V). 

Denote by Mod(kMsa) the category of subanalytic sheaves. 

The following result is proved in [13]. 

Proposition 4.1.2. The category \svLhsini)^M) of subanalytic ind-sheaves 
and the category Mod(kM^ 3 ^) of subanalytic sheaves are equivalent by the 
functor associating with F G Isuban(kM) the subanalytic sheaf 

OPm.. ^U^ Homj(^^)(kf/,F). 

4.2. Enhanced tempered distributions. Hereafter, we take the com¬ 
plex number field C as the base field k. 

Let M be a real analytic manifold. Denote by the sheaf of 

Schwartz’s distributions on M. The subanalytic sheaf of tempered dis¬ 
tributions on M is defined by 

Vbl,{U) := lm{VbM{M) -E VbM{U)) 

— F>bM{M)/FM\u{M]VbM) 
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for any U G We still denote by T>b\^ the corresponding subana- 

lytic ind-sheaf. 

Denote by P the real projective line, and let t G M C P be the affine 
coordinate. Considering the natural morphism of bordered spaces 

j: M X Moo M X P, 

one sets 

Vbl {Vb\,,p Vb\,,p) G D(M X Moo), 

where the above complex sits in degrees —1 and 0. 

By the results in [4, §8.1] one has 

Proposition 4.2.1. 

(i) There are isomorphisms in D(M x Moo) 

Vbl^ ^ X/mm+(Cp^o}, "P&m) 

Ihom'^{C{t^a},T^b]^) for any a ^ 0. 

(ii) The complex Vbf^ is concentrated in degree —1. 

(iii) There are natural monomorphisms in I(CmxRoo) 

Cp<*} (g) 'K~^'Db\^ >—^ H~^Vb\j > —s- Ti~^'DbM. 

The enhanced ind-sheaf of tempered distributions is dehned by 
Vbl-.= QM{Vbl)eE{M). 

Part (iii) in the following proposition is new. 

Proposition 4.2.2. 

(i) P&ff is stable, i.e. Cf^ (g) T>b^ ~ 

(ii) ~ I'o. particular, it is concentrated in degree —1. 

(iii) P&ff G E°(M). In other words, the complex is concen¬ 

trated in degree 0. 

Proof, (i) follows from Proposition 4.2.1 (i). 

(ii) By Proposition 4.2.1 (i), one has ~ This is concen¬ 

trated in degree —1 by Proposition 4.2.1 (ii), 

(iii) By (ii), R^Vbf^ ~ is concentrated in degree —1. Hence 

Lemma 2.5.2 implies 

L^Vbfj ~ C{t^o}®'Dbl G D[-1’°1(M X Moo), 

and we are reduced to prove that H~^ ~ 0. 

By [4, Proposition 4.3.10], there is a distinguished triangle 

Vblj —^ . 

By Proposition 4.2.1 (iii), 

H~^R7iMuT)b1j ~ 7iM\\H~^VbJ^ C = 0. 
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Thus, the above distinguished triangle induces the exact sequence 

0 ^ H-^ ^ ^ TT-^R^TTM^AH-^Vblj. 

To conclude, we have to show that 7 is a monomorphism. 

By Proposition 4.2.1 (iii), there is a commutative diagram 

H-^Vbl, 

Y 

Hence 7 is a monomorphism. □ 

4.3. P-modules. Let X be a complex manifold. We denote by 4 its 
complex dimension. Denote by Ox and Vx the sheaves of algebras of 
holomorphic functions and of differential operators, respectively. Denote 
by Dx the sheaf of differential forms of top degree. 

Denote by Mod('Dx) the category of left Dx-niodules, and by Y)'°{Vx) 
its bounded derived category. For f:X Y a morphism of complex 
manifolds, denote by D/*, D/^ the operations for "D-modules. 
Consider the dual of A4 G D’^('Dx) given by 

BxM = R'Hom^^{M,Vx ^T")[d%]. 

A Dx-niodule Ai is called quasi-good if, for any relatively compact 
open subset U <Z X, M.\u R isomorphic (as an (Px|r/-niodule) to a filtrant 
inductive limit of coherent (Px| [/-modules. A Dx-module A4 is called 
good if it is quasi-good and coherent. 

Recall that to a coherent Dx-module Ai one associates its character¬ 
istic variety char(A4), a closed conic involutive subset of the cotangent 
bundle T*X. If char(A4) is Lagrangian, Ai is called holonomic. For the 
notion of regular holonomic "Dx-module, refer e.g. to [ 8 , §5.2]. 

Denote by D](qj(Dx) and 'D\{T>x) the full subcategories of 'D^{T>x) 
whose objects have holonomic and regular holonomic cohomologies, re¬ 
spectively. These are triangulated categories. 

Let /: X —)■ y be a morphism of complex manifolds. For xq G X 
consider 

rank^g(/) := rank‘d(T^ qX Tf(^^^)Y) and 

flat-dim 25 _,^ {'Dx^y,xo ), 

the complex dimension of the image of df{xo), and the flat dimension of 
T>x^y,xo as a left Dx,xo-module, respectively. 

Proposition 4.3.1. Let f ■. X ^ Y be a morphism of complex manifolds. 
For Xq G X one has 

flat-dimc^_^^(T>x^y,xo) ^ - rank^^(/). 
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Proof. Set n = d!f^, m = dy, d = mnk^^{f), and yo = f{xo). 

Choose a system of local coordinates y = {yi,, y^) of y on a neigh¬ 
borhood of yo, snch that dy^,..., generate df {xo){TxqX) C 
Set Xk = yk ° f for k ^ d, and complete them to a system of local 
coordinates x = (xi,..., x„) of X on a neighborhood of Xq. 

Consider the snbring 

■= Ox,xo[dxn • • • , dxa\ CV -.= Vx,xo- 

Then Vx^y,xq — Ox,xq ^ 7^-modnle. In fact, one 

has 

T^X^Y^xo — ^ '^^y- 

The statement follows by Lemma 4.3.2 below. □ 

Lemma 4.3.2. Use notations as in the proof above. Let M. be a left 
V-module. If A4 is flat as a left IZ-module, then 

flat-dimx>(A4) ^ n — d. 

Proof. Set O ;= Ox,xo and V := 0[dx^^^,..., dxf\, so that "D ~ P' 

IZ. Set K := Ccla;d+i © • • • © ^-dx^- Then the Spencer resolntion of Ai, 
considered as a "D'-modnle, is 

n—d 

0 —V (D' ® /\ jA/f —y • • • —y T)^ j\/t —y J\/l —y 0 . 

Since V 0^ 7Z ^ V, the above resolntion reads as 

n—d 

0 —y {D ® ^ """ —^ ^ ^ ^ 

Since A4 is a flat left 7?.-modnle, this is a flat resolntion of A4 as a left 
P-modnle. □ 

For a category C, let Pro(C) be the category of pro-objects in C, and 
“^m” the projective limit in Pro(C). 

Lemma 4.3.3. Let M. be a quasi-good T>x-‘<xiodule, flat over Px- Let 
be a filtrant inductive system of coherent Vx-f^odules such that 
A4 ~ h^ Then, for any x E X and any k 0 one has 

i 

“l^”Tx4^(Afi,T>x)x ^0 m Pro(Mod(T>^PJ). 

i 

Proof. There exists a hltrant indnctive system {Lj}j^j of free Px,x- 
modnles of hnite rank snch that — h^Lj (see [17]). It implies 

j 
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that “ lin^ ” Mi,x — “ lin^ ” L, in Ind(Mod(Px,a;))- Hence, for any i & I 
i j 

there exist j & J, a morphism u: i ^ i' in I and a commutative diagram 



It follows that the morphism induced by u, 
Sxt\^^^{Mi',x,Vx,x) -t £xt 
is the zero morphism. 


k 


T^X^x) 


□ 


For a hypersurface Y of X, denote by Ox{*Y) the sheaf of meromor- 
phic functions on X with poles in Y. We set Vx{*Y) = Ox{*Y) 

Vx — 'Dx ®Ox ^^(*^)- ^ sheaf of C-algebras on X. For a Vx- 

module XI, we set M.[YY) := Vx{*Y) 0^,^ Xi. 

Lemma 4.3.4. Let Y C X be a closed complex analytic hypersurface, 
and let M. be a quasi-good T>x-module. Assume that Xl|x\y 'Is flat over 
Vx\Y- -hef be a filtrant inductive system of coherent Vx-modules 

such that Ai[*Y) ~ Then, for any V CC X one has 

i 

(i) AinL ' Ext^^XMi, Vx{*Y))\v ~ 0 m Pro(Mod('Dy’)) for any k X 0, 

(ii) A^^miom^^{Mr,Vx{*Y))\y 

~ “1^” Hom^^{Mi, Vx{*Y))\v m Pro(D‘’(F>°P)). 


Proof, (i) For i & I, denote by P the category whose objects are mor¬ 
phism i ^ i' in I with source i, and whose morphisms are commutative 
diagrams in I 



It is enough to show that for any i E I there exists {uq : i ^ io) E P such 
that the induced morphism 

n': Sxt%JM,,,Vxi*Y})\v -E Sxt%^{M,,Vx{*Y))\v 

is the zero morphism. For {u: i ^ i') & P, set 

Afu = lm{Sxt%^{M,,Vx) ^ Sxt%^{M.,Vx)). 

It is a coherent P^-module. Since P is hltrant by [14, Corollary 3.2.3], 
{supp(7Vu)}^ig/i is a decreasing family of closed complex analytic subsets. 
Hence it is locally stationary. Thus, there exists {uq-. i ^ ifl) E P such 
that 

SUpp(XuJy) = Pi SUpp(A/'„|y). 
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By Lemma 4.3.3, one has 

Pi supp(7Vu|y) C Y. 

uei‘ 

Hence, snpp(A/'„p|y) C V and one has 

0 ~ (Ko '^x{*Y))\v - ImK)- 

Hence we obtain (i). 

(ii) follows from (i). □ 

Proposition 4.3.5. Let Y <Z X be a closed complex analytic hypersur¬ 
face, and let M. be a quasi-goodVx-module. Assume that AA\x\y is flat 
over'Dx\Y- Then M.{YY) is a flat Vx-module. 

Proof. The question being local, we can write AA[*Y) ~ hi^A4i with 

i 

a hltrant inductive system of coherent "Dx-niodules. Set 

M* :='Hom.jj^{Mi,'Dx). 

Then 'Hom.jy^{M.^,T>x{YY)) ~ Ai*{*Y). By Lemma 4.3.4, one has 
‘W KHom^^iMuVxi^Y)) ~ “lm”>l*(*F) in Pro(D'’(P^P)), 

i i 

by shrinking X if necessary. Let V G Mod('D^). We have to show that, 
for k <0, 

(4.3.1) H^{V M{*Y)) ~ 0. 

One has 

H’^{V M{*Y)) ~ H'^{Vi*Y) (g)^^ M{*Y)) 

~lim/f^(P(*F)(g)L^A4i). 

i 

Moreover, 

“ih^” p(*y) M 

i 

~ A\^"RHom^.^^{Rnom^JMi,Vx), V{*Y)) 

i 

~ A\^"RHom^^^^y^„,{Rnom^^{M,,Vx{*Y)), V{*Y)) 

i 

i 

Hence we obtain 

M(*Y)) ~ \^H'^RHom„„f,y,{MK*Y),P(*Y)), 


which vanishes for k < 0. 


□ 
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Let US denote by E(P^) the category of enhanced ind-sheaves on X 
with "D^-action (see [4, § 4.10] where E(V‘^) is denoted by E'’(IP‘^)). 
Consider the forgetful functor 

for: E(Pf) ^E(X). 

Lemma 4.3.6. Let c G M, X a complex manifold, Y <Z X a complex 
analytic subset, K G and M a quasi-good Vx-module. Set U = 

X \ y. Assume 

(a) K ~ RXhom (vr^^kt/, X), 

(b) for(X) G E>"(X), 

(c) Ai\u is flat overVu. 

Then, 

E^flX). 

Proof, (i) Let 99 : X' —)■ X be a projective morphism such that Y' : = 
is a hypersurface, and ip induces an isomorphism U':=ip~^{U) 

U. Set 

K' := RXhom Ep-^K Vx^x') e E{Vff,), 

M':= {Dp*M){*Y'). 

Then we have for(X') G E^'^(X'). Note that AA' is concentrated in degree 
zero. Moreover, by Proposition 4.3.5, AA' is a flat Xx'-niodule. Since 

K®^^AAr:^EpflK'®l^^AA'), 

and since Ep^ is left exact, we reduce to the case where AA is flat over 
Vx. 

(ii) Let XI be a quasi-good flat X>x-niodule. Let {AAi\i^i be a hltrant 
inductive system of coherent Xx-niodules such that AA ~ lin^ Xl*. Set 

i 

AA* :='Homjj^(AAi,'Dx)- 

Then Lemma 4.3.4 implies that 

“1^” Rnomjy^(Mi, Vx) ^ “ 1 ^” AA* in Pro(D'’(X^P)), 

i i 

by shrinking X if necessary. Hence one has 

H\K AA) ~ “Ih^” H^{K AAf) 

i 

~ “lim” X^R'Homp^p(RXom^^(Xfi, Vx), K) 

i 

~ “lim” H’^RHom.jyo^iM*, X) ~ 0 


for k < c. 


□ 
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Proposition 4.3.7. Let i G c G M, X a complex manifold, Y <Z X 
a complex analytic subset, K G E{V^), and Ai a quasi-goodVx-module. 
Set U = X \ Y. Assume 

(a) for(X) G 

(b) flat-dimx)x^(Xl 3 .) ^ i for any x eU . 

Then, 

RXhom (TT-^ku, K) M G 

Proof. Replacing K with RXhom {'K~^'k.u, K), we may assume that K ~ 
RXhom (7r“^k;7, K) from the beginning. We proceed by induction on £. 
The case £ = 0 follows from Lemma 4.3.6. Let £ > 0. Then, there is 
locally a short exact sequence 

with a free Px-module C. Hence A/" is a quasi-good Px-module such that 
flat-dimxj^ ^ (A4) ^ ^ — 1 for any x E U. One has iL Af E (X) 

by the induction hypothesis. Moreover, K C E E^'^(X) since £ is 
free. One concludes by considering the distinguished triangle 

K 0^^ £^K M^K V[l] -tU , 

□ 

4.4. Enhanced tempered holomorphic functions. Let X be a com¬ 
plex manifold. 

Proposition 4.4.1. One has E ^^ 2 E^'^(X). 

Proof. By Lemma 3.2.5, it is enough to show that for any k E and 
any Z E there exists an open subanalytic subset Zq of Z such that 

dim(Z \ Zq) < k and 

(4.4.1) E*,2.,„0| e 

Since the question is local on X, we may assume from the beginning that 
Z is compact. Let Zq, Wq C X, £ = dx and g: N ^ M he as obtained 
by Lemma 4.4.3 below, for M = X® the real analytic manifold underlying 
X. There exists a complexihcation X of X such that g: N ^ X extends 
to a holomorphic map /: Y —)■ X. 

Then, dy = £ and there is a commutative diagram 


{Wo)oo-.={Wo,N) 


X 


Y 


90 


HWo)a 


In 


Hzo)c 


(Zo)oo:—(Z q, Z) 


X. 
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Note that for any w G Wq, setting x = f{w) G Zq, one has 

(4.4.2) rankC(/) = dini''(T,Z + V^T.Z) ^ (diniT,Z)/2 = k/2. 

Set 

V-.= {yeY ■ rank^(/) ^fc/2}. 

Then V is an open subset of V such that T \ id is a closed complex 
analytic subset. Moreover ITo C V. Hence Proposition 4.3.1 implies 

(4.4.3) flat-dim^op (Vx^—y) ^ dy — /^/2 = i — fc/2 for any y eV. 

By Proposition 2.7.4, in order to see (4.4.1) it is enough to show 

(4.4.4) € E^'«-*-'=((W'„)„). 

Since ITo Zq is smooth, one has 

^9o^'^i(iu0^c^oTwo/Zo (Z)EglEi(^l^^O^[dzo - dx] 

^OTwo/Zo 

-OTwo/Zo <S)Ej'EiN^Ei-^Ef-Ox[k - i], 

where oywq/Zo '■=H^~^{.9o^Zq) is the relative orientation sheaf. 

By [4, Theorem 9.1.2], one has 

Moreover, denoting by oix/y — the relative orientation sheaf, 

one has 

i]vOy ~ OlN/Y®T)h^[-dN]. 

Thus, we obtain 

OTwo/Zo®EgQ^Ei^^ZouO\ 

~ Ej'-EtxJ^ix{Vx^Y Of) [k - 4 ] 

~ Ej'{Vx^Y Eix^{oix/Y ®'Dbf)) [k - df^ - dx] 

~ Ej'(px-(^Y <8^.^ RXhom {7i~^Cv ,Eix*{oTx/Y ^'Obf))) 

[k-df,-e]. 

By Proposition 4.2.2, one has 

E^^,(or^,/y0P4 ) gE^O(F). 

Hence Proposition 4.3.7 and (4.4.3) implies that 

Vx^Y RXhom (vr-^Cy, Eix,{otx/y ®Vbf)) G E^’^/^-^{Y). 
Finally, we obtain (4.4.4). □ 

Corollary 4.4.2. One has C>^ G ^/‘^E)^^x(X). 

Proof. Since Of ~ Zhom^(Cf-, Of), the statement follows from Propo¬ 
sition 4.4.1 and Lemma 3.2.7. □ 
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Here is the lemma which is used in the course of the proof of Proposi¬ 
tion 4.4.1. 

Lemma 4.4.3. Let M be a real analytic manifold, and let Z G CSff for 
k G Zij. 0 . Assume that Z is compact. Then there exist 

(i) an open subset Zq of Z which is a real analytic submanifold of di¬ 
mension k, 

(ii) a real analytic manifold N of dimension i k, 

(iii) a real analytic proper map g: N ^ M, 

(iv) an open subanalytic subset Wq of N 

such that one has 

(a) dim(Z \ Zq) < k, 

(b) g{N) = Z, giWo) = Zq and g induces a smooth morphism Wq —)■ Zq 
of real analytic manifolds. 

Proof. It follows immediately from the existence of a real analytic man¬ 
ifold N and a proper real analytic map g: N ^ M such that g{N) = Z. 
Note that we may assume that N is equidimensional, by multiplying each 
connected component of N with a sphere if necessary. □ 

4.5. Riemann-Hilbert correspondence. Let X be a complex mani¬ 
fold. The enhanced de Rham and solution functors 

D^{Vx)^E{X), 

Sol^: ^ E(X), 

are dehned by 

P7^|(A4) 

Sol^iM) = Rnom^JM,0^), 
where ^ x • 

The Riemann-Hilbert correspondence of [4, Theorem 9.5.3] implies 
that these functors induce fully faithful functors 

5 : Di;„,(®x) ^ E,.e(.Y), 

Solf : ^ E..e(A'). 

Theorem 4.5.1. The functors VTZ^ and Solx 141 are exact. That is, 
for any c G M one has 

OK5(d£CDa)) C 5oiS(D£,(BA)) C ‘'T«'“'(A), 

®K|(D£(®a)) C ■''"ElyA), 5 o!5(D£(®x)) C ‘''"e^J“'=(A). 
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In particular, there are commutative diagrams of embeddings 

TOTlfr 1/9 n 

Modhoi(I^-^ '-^ ^ 


'X 


e;.ja') Modw(®x)°" ) 


Mod,h(I)x) '''"d”^(Cx), ModAipv)"” ‘'"d^(Cx) 

Proof. It is enough to show that for any Ai E Modhoi(I^x) one has 

VK§(M) e '''"e“.,(A), SolS(M) e 

(i) By the definition, 

Sol^(M) ~ R?{om^^(M,0^). 

By Proposition 4.4.1, 

05 6 


Hence 


5oi|(Ad) e (A) c ‘'"Eif (A), 


where the inclusions follow from (3.5.1). Then 

VK^(M) Soi5(D;jA1)14] 6 ‘'"E^JA). 


(ii) Note that DxA4 E Modhoi(T’x)- Moreover, by [4, Theorem 9.4.8], 

D|T>7^|(^4) ~ V7Z^(BxM). 

We thus get from (i) 

T>7^|(A4) e (X), and hence 

Sol^(M) 6 ■''E«.f (A). 

□ 
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